CHILEAN

JOURNAL OF

STATISTICS

Edited by Victor Leiva and Carolina Marchant

A free open-access journal indexed by

EMERGING
SOURCES

CITATION
(ISI WEB OF SCIENCE)

Volume 12 Number 2
December 2021

ISSN: 0718-7912 (print)
ISSN: 0718-7920 (online)

Web of
Science
Group

ELSEVIER

Scopus

Published by the
Chilean Statistical Society

SOCH E il

SOCIEDAD CHILENA DE ESTADISTICA




A1MS

The Chilean Journal of Statistics (ChJS) is an official publication of the Chilean Statistical Society (www.soche.cl).
The ChJS takes the place of Revista de la Sociedad Chilena de Estadistica, which was published from 1984 to 2000.

The ChJS covers a broad range of topics in statistics, as well as in artificial intelligence, big data, data science,
and machine learning, focused mainly on research articles. However, review, survey, and teaching papers, as well as
material for statistical discussion, could be also published exceptionally. Each paper published in the ChJS must
consider, in addition to its theoretical and/or methodological novelty, simulations for validating its novel theoretical
and/or methodological proposal, as well as an illustration/application with real data.

The ChJS editorial board plans to publish one volume per year, with two issues in each volume. On some occasions,
certain events or topics may be published in one or more special issues prepared by a guest editor.

EDITORS-IN-CHIEF

Victor Leiva Pontificia Universidad Catdlica de Valparaiso, Chile
Carolina Marchant Universidad Catdlica del Maule, Chile

EDITORS

Héctor Allende Cid Pontificia Universidad Catdlica de Valparaiso, Chile
Danilo Alvares Pontificia Universidad Catélica de Chile

Robert G. Aykkroyd University of Leeds, UK

Narayanaswamy Balakrishnan = McMaster University, Canada

Michelli Barros Universidade Federal de Campina Grande, Brazil
Carmen Batanero Universidad de Granada, Spain

Marcelo Bourguignon Universidade Federal do Rio Grande do Norte, Brazil
Marcia Branco Universidade de Sao Paulo, Brazil

Luis M. Castro Pontificia Universidad Catdlica de Chile

George Christakos San Diego State University, US

Enrico Colosimo Universidade Federal de Minas Gerais, Brazil
Gauss Cordeiro Universidade Federal de Pernambuco, Brazil
Francisco Cribari-Neto Universidade Federal de Pernambuco, Brazil
Francisco Cysneiros Universidade Federal de Pernambuco, Brazil
Maério de Castro Universidade de Sao Paulo, Sao Carlos, Brazil
Raul Fierro Universidad de Valparaiso, Chile

Jorge Figueroa-Zuaniga Universidad de Concepcién, Chile

Isabel Fraga Universidade de Lisboa, Portugal

Manuel Galea Pontificia Universidad Catdlica de Chile

Diego Gallardo Universidad de Atacama, Chile

Christian Genest McGil University, Canada

Marc G. Genton King Abdullah University of Science and Technology, Saudi Arabia
Viviana Giampaoli Universidade de Sao Paulo, Brazil

Patricia Giménez Universidad Nacional de Mar del Plata, Argentina
Hector Gémez Universidad de Antofagasta, Chile

Yolanda Gémez Universidad de Atacama, Chile

Emilio Gémez-Déniz Universidad de Las Palmas de Gran Canaria, Spain
Eduardo Gutiérrez-Pena Universidad Nacional Auténoma de Mexico
Nikolai Kolev Universidade de Sao Paulo, Brazil

Eduardo Lalla University of Twente, Netherlands

Shuangzhe Liu University of Canberra, Australia

Jesus Lépez-Fidalgo Universidad de Navarra, Spain

Liliana Lépez-Kleine Universidad Nacional de Colombia

Rosangela H. Loschi Universidade Federal de Minas Gerais, Brazil
Esam Mahdi Qatar University, Qatar

Manuel Mendoza Instituto Tecnolégico Auténomo de Mexico
Orietta Nicolis Universidad Andrés Bello, Chile

Ana B. Nieto Universidad de Salamanca, Spain

Teresa Oliveira Universidade Aberta, Portugal

Felipe Osorio Universidad Técnica Federico Santa Maria, Chile
Carlos D. Paulino Instituto Superior Técnico, Portugal

Fernando Quintana Pontificia Universidad Catdélica de Chile

Nalini Ravishanker University of Connecticut, US

Fabrizio Ruggeri Consiglio Nazionale delle Ricerche, Italy

José M. Sarabia Universidad de Cantabria, Spain

Helton Saulo Universidade de Brasilia, Brazil

Pranab K. Sen University of North Carolina at Chapel Hill, US
Giovani Silva Universidade de Lisboa, Portugal

Prayas Sharma National Rail and Transportation Institute, India
Julio Singer Universidade de Sdo Paulo, Brazil

Milan Stehlik Johannes Kepler University, Austria

Alejandra Tapia Universidad Catdlica del Maule, Chile

M. Dolores Ugarte Universidad Publica de Navarra, Spain



Chilean Journal of Statistics

VOLUME 12, NUMBER 2

DECEMBER 2021

ISSN: 0718-7912 (print)/ISSN 0718-7920 (online)
© Chilean Statistical Society — Sociedad Chilena de Estadistica
http://www.soche.cl/chjs



CHILEAN JOURNAL OF STATISTICS VOLUME 12 — NUMBER 2 — DECEMBER 2021

CONTENTS

Victor Leiva and Carolina Marchant
Chilean Journal of Statistics: An open-access, indexed, and free forum
for statistical publications from worldwide

Roberto Vila, Helton Saulo, and Jamer Roldan
On some properties of the bimodal normal distribution
and its bivariate version

Omar Fetitah, Mohammed K. Attouch, Salah Khardani, and Ali Righi
Nonparametric relative error regression for functional time series data
under random censorship

Esra Polat
Robust Hotelling T? control chart using adaptive reweighted minimum
covariance determinant estimator

Moizés da S. Melo, Lais H. Loose, and Jhonnata B. de Carvalho
Lomax regression model with varying precision:
Formulation, estimation, diagnostics, and application

Magaly S. Moraga, Germéan Ibacache-Pulgar, and Orietta Nicolis
On an elliptical thin-plate spline partially varying-coefficient model

Bernardo B. de Andrade, Raul Y. Matsushita, Pushpa N. Rathie,
Luan Ozelim, and Sandro B. de Oliveira
On a weighted Poisson distribution and its associated regression model

123

125

145

171

189

205

229



Chilean Journal of Statistics
Vol. 12, No. 2, December 2021, 145-170

FUNCTIONAL AND NONPARAMETRIC STATISTICS
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Abstract

In this paper, we investigate the asymptotic properties of a nonparametric estimator
of the relative error regression given a dependent functional explanatory variable, in
the case of a scalar censored response. We use the mean squared relative error as a
loss function to construct a nonparametric estimator of the regression operator of these
functional censored data. We establish the almost surely convergence (with rates) and
the asymptotic normality of the proposed estimator. A simulation study and real data
application are performed to lend further support to our theoretical results and to
compare the quality of predictive performances of the relative error regression estimator
than those obtained with standard kernel regression estimates.

Keywords: Almost surely convergence - a-mixing data - Censored data - Functional
data analysis - Mean square relative error - Nonparametric estimation.

Mathematics Subject Classification: Primary 62G35 - Secondary 62G20.

1. INTRODUCTION

Functional data analysis is a branch of statistics that has gained popularity in recent years,
either mathematically or in terms of applications. There are numerous practical applications
for this data format, such as continuous phenomena (climatology, economics, linguistics,
medicine, and so on). Since the publication of Ramsay and Dalzell (1991)’s work, numerous
developments have been examined in order to produce theories and methodologies that are
based on functional data (Almanjahie et al., 2020).

The monographs of Ramsay and Silverman (2005) provide an overview of both the theo-
retical and practical elements of functional data analysis, whereas the monographs of Ferraty
and Vieu (2006) provide an overview of nonparametric techniques. Numerous nonparametric
models have been developed. For example, Ferraty and Vieu (2004) established the strong
consistency of the regression function when the explanatory variable is functional and the
response is scalar, and their study extended to non-standard regression problems such as
time series prediction and curve discrimination (Ferratyet al., 2002; Ferraty and Vieu, 2003);
for robust estimation, see also Attouch et al. (2009).
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146 Fetitah et al.

Masry (2005) establishes the asymptotic normality of the same estimator under an «-
mixing assumption. According to Dabo-Niang (2004), density estimation in a Banach space
was investigated, as well as the density estimation of a diffusion process with respect to the
Wiener measure. Ferraty and Vieu (2006) introduced the kernel type estimation (Azevedo
et al., 2011) of some characteristics of the conditional cumulative distribution function
(CDF) as well as the successive derivatives of the conditional density; the almost complete
convergence (ACC) with rates for the kernel type estimates is established and illustrated by
an application to El Nifio data. It is common practice to estimate the regression function by
minimizing the mean-squared loss function. When data contains outliers, this loss function
is predicated on some restrictive constraints, such as the variance of the residual being
equal for all observations. As a result, in order to overcome this limitation, we investigate
an alternate strategy that allows us to create an effective predictor even when the data is
influenced by the existence of outliers. As a result, the constraints of classical regression
are addressed in this study by estimating the regression function with respect to the mean
squared relative error (MSRE). The latter is a better indicator of a predictor’s performance
than the usual inaccuracy in the prediction.

The literature on the relative error regression in nonparametric functional data analysis
(NFDA) is still limited. The first consistent results were obtained in by Campbell and Don-
ner (1989), where relative regression was used as a classification tool. Jones et al. (2008)
studied the nonparametric prediction via relative error regression. They investigated the
asymptotic properties of an estimator minimizing the sum of the squared relative errors by
considering both (kernel method and local linear approach). Recently, Mechab and Laksaci
(2016) analyzed this regression model when the observations are weakly dependent. For spa-
tial data, Attouch et al. (2017) proved the almost complete consistency and the asymptotic
normality of this estimator. Fetitah et al. (2020) investigated the relative error in functional
regression under random censorship when data are independent.

Nonparametric analysis of incomplete functional data, on the other hand, has a limited
extensive literature. There are limited works on this issue (for example, Altandji et al.
(2018) estimates the relative error in functional regression under the random left-truncation
model). Carbonez et al. (1995) presented the kernel estimator of classical regression in the
right censorship model, and improved it in Ould-Said and Guessoum (2008). To estimate
the conditional quantile when regressors are functional, this approach was later employed
by Horrigue and Ould-Said (2014). Additionally, using truncated data, Helal and Ould-Said
(2016) used the same model.

In this paper we define and study a new estimator of the regression function when the
interest random variable is subject to random right-censoring and the explanatory variable
is functional. Notice that the main feature of our approach is to develop a prediction model
alternative to the classical regression which is not sensitive to the presence of the outliers.

The paper is organized as follows. In Section 2 we define our parameter of interest and its
corresponding estimators. In Section 3 we give some assumptions and state an almost sure
(AS) consistency and asymptotic normality for the proposed estimator. A simulation study
and real data application are performed in Section 4, whereas the technical details and the
proofs are deferred to Section 4.2.

2. MODEL

2.1 BACKGROUND

Let consider that (Y;, X;), for i« = 1...n, is a stationary a—mixing couples, where Y; is
real-valued and X; takes values in some functional space F. Assume that IE|Y;| < co and
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define the regression functional as
r(z) =EY;|X;=z|, ze€F, VielN. (1)
The model given in Equation (1) can be written as
Vi=r(X;)+e, i=1,...,n,
where ¢; is a random variable such that E[¢;|X;] = 0 and IE[¢?|X;] = 02(X;) < +00.
Unlike to the multivariate case, there exists various versions of the functional regression
estimate. However, all these versions are based on two common procedures. The first one is

the functional operator which is supposed smooth enough to be locally well approximated
by a polynomial. The second one is the use of the least square error given by

r(zr) = arg HEH (]E {(Y —r(2)?|X = xD , (2)

as a loss function to determine the estimates of . In complete data, a typical kernel regression
estimator based on Equation (2) (Ferraty et al., 2007) is given by

?:1 )/ZK (hild(val))
Yoy K (h~d(x, X3))

o () =

where K is a kernel and (h := h,,) is a sequence of bandwidths.

For results on both theoretical and application points of view considering independent or
dependent case, we refer the reader to the studies of Attouch et al. (2017) and Chahad et
al. (2017). Note that Amiri et al. (2014) analyzed the regression function of a real random
variable with functional explanatory variable by using a recursive nonparametric kernel
approach.

In the presence of right random censoring, the problem has been analyzed by Buckley and
James (1979) using parametric methods. For nonparametric approaches, we refer to Amiri
and Khardani (2018) and Stute (1993). Some asymptotic properties were established with
a particular application to the conditional mode and quantile by Chaouch and Khardani
(2015) and Khardani and Thiam (2016). Horrigue and Ould-Said (2014) considered a regres-
sion quantile estimation for dependent functional data. Nevertheless, the use of previous loss
function given in Equation (2) as a measure of prediction performance may be not suitable
in some situation. In particular, the presence of outliers can lead to unreasonable results
since all variables have the same weight. Now, to overcome this limitation we propose to
estimate the function r by an alternative loss function.

In the relative regression analysis, r is obtained by minimizing the MSRE, that is, r (z)
is the solution of the optimization problem:

r(z) = arg min (IE KY_;*(X)Y X = x]) :

As mentioned in Jones et al. (2008), where outlier data are present and the response variable
of the model is positive, the MSRE is minimized.

It is clear that this criterion is a more meaningful measure of prediction performance than
the least squares error, in particular when Y > 0, it often is that the ratio of prediction
error to the response level, (Y —r(X))/Y, is of prime interest: the expected squared relative
loss, IE[{(Y —r(X))/Y }?|X], which is the MSRE, is minimized (specially in the presence of
outliers). Moreover, the solution of this problem can be expressed by the ratio of first two
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conditional inverse moments of Y given X. As discussed by Park and Stefanski (1998), for
Y >0

EYX=1 _ g

By = T ) o

where g;(z) = IE[Y 7| X = ], for [ = 1,2, with 7 being the best MSRE predictor of Y given
X =u.

2.2 CONSTRUCTION OF THE ESTIMATOR

To construct our estimator, let us recall that in the case of complete data, a well-known
estimator of the regression function is based on the Nadaraya-Watson weights. Let {Z; =
(Xi,Yi)1<i<n} be n pairs, identically distributed as Z = (X, Y’) and valued in F x IR, where
(F,d) is a semi-metric space (that is, X is a functional random variable (FRV) and d a
semi-metric). Let = be a fixed element of F. For the complete data, see Demongeot et al.
(2016).

It is well known that the kernel estimator of Equation (3) is given by

o) = 2 - o),
S VK (d(fUath)) 92(x)

where gj(z) = Y0, Y, K (d(x, X;)/h)/(nIE(K (d(x, X1)/h))), for | = 1,2, with K is an
asymmetrical kernel and h = h,, (depending on n) is a strictly positive real. It is a functional
extension of the familiar Nadaraya-Watson estimate. The main change comes from the semi-
metric d which measures the proximity between functional objects.

In the censoring case, instead of observing the lifetimes Y, which has a continuous CDF
F, we observe the censored lifetimes of items under study, that is, assuming that (C;)1<i<n
is a sequence of independent and identically distributed censoring random variable (RV)
with common unknown continuous CDF G. Then, in the right censorship model, we only
observe the n pairs (T3,0;) with T; = Y; A C; and 6; = ljy,<c,y, for 1 <4 < n, where 14
denotes the indicator function of the set A.

In what follows, we define the endpoints of F' and G by 7 = sup{t: F(t) > 0}, and
7¢ = sup{t: G(t) > 0} where F(x) = 1 — F(x) and G(z) = 1 — G(z). We assume that
7p < 00 and G(7r) > 0, (this implies 77 < 7¢).

In censorship model, only the (X;, T}, §;)1<i<n are observed. We define 7(z) as an estimate
of r(x) by

n i,_rfl d(.’L’,Xl)

F(I)_i;ém)](( ) "
PGTE (d(x, X))\ ga(x)
;Gm)K( )
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where

m 5T d(z, X;)
 2emX (*57)
Gulw) = o (K (T=5TY) =12

In practice, G is unknown. We use the Kaplan-Meier estimator (Deheuvels and Einmahl,
2000) of G given by

- n 16 \ Mg
Gn(t) = i=1 (1 n7i+1) it < Ty,
0, otherwise,

where 11y < --- < Ty are the order statistics of (7})1<i<n and d(;) is the concomitant of
T{;)- Therefore, the estimator of r (Fetitah et al., 2020) is stated as

Fn(:ﬂ)—i — = , (5)
" 1Tz 2 d(x7Xz) gQ,H(x)
Z_Zlénm)K( h )
where
m 5T d(z, X;)
. (x)_?_}an(mf(( ) L
)

Remark 2.1 In Equations (4) and (5), the sums are taken for the subscripts 7, where
Gn(T;) # 0 and G(T;) # 0. The same convention is followed in the forthcoming formulas.
Note that, under the assumptions on the model, the sets {i, G(T;) = 0} and {i, G,,(T;) = 0}
are IP-negligible.

3. ASSUMPTIONS AND MAIN RESULTS

3.1 GENERAL CONTEXT

Throughout this paper, x is a fixed element of the functional space F. To formulate our
assumptions, some notations are required. and we denote by N, a neighborhood of the point
x. Hereafter, when no confusion is possible, we denote by ¢ and ¢’ some strictly positive
generic constants.

Let B(z, h) be the closed ball centered at = with radius h, and consider the CDF of d(x, X)
defined by

with h being positive and satisfies ¢, (0) = 0 and ¢,(h) — 0 when h — 0. Let us consider
the following definition.
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Definition 3.1 Let (Z,)new be a sequence of RVs. Given a positive integer n, set

aln) = sup sup {IP(AN B) —P(A)P(B)|,A € F¥(Z) and B € F3,(2)},

where FF(Z) denotes the o—field generated by {Z;,i < j < k}. The sequence is said to be
a—mixing if the mixing coefficient a(n) — 0 when n — oo.

3.2 ASYMPTOTIC CONSISTENCY

Our main first result is the pointwise almost sure convergence. In order to state this result,
we need some assumptions which are gathered together in order to make our results reading
easier. In what follows, we assume that the following assumptions hold:

(H1) IP(X € B(x,h)) =: @z(h) > 0, for all h > 0.
(H2) For all (x1,22) € N2, we have

lgi(z1) — gi(w2)| < cd¥ (21, 22) for an integer k; > 0 and [ = 1,2.
(H3) The kernel K is a bounded and Lipschitzian function on its support (0, 1) and satisfying:
0<c< K(z) <d < 4o

(H4) The bandwidth h satisfies b — 0, log(n)/(n¢.(h)) — 0 as n — oo.
(H5) The inverse moments of the response variable verify:

forallm >2, E[Y "X =z] <c¢p < o00.

where ¢, is positive constant.

(H6)

(i) (Xn,Yn)n>1 is a sequence of stationary a—mixing RVs with coefficient a(n) = O(n™%),
for some a € (0, 0).
(ii) (Cp)n>1 and (X, Yy)n>1 are independent.
(H7) For all i # j, E[Y; 'Y, ?*|(X;, X;)] < ¢ < oo, and

0 < sup {IP ((X;, X;) € B(z,h) x B(x,h)) } = O (

(gam(h))(“*l)/a)
it '

nl/a

3—a
(H8) There exists 7 > 0, such that, cnar1 7 < @, (h) < dnT, with a > 2.
We are in state to give our main result.

Theorem 3.2 Under Assumptions (H1)-(HS8), we have

. 1 ' log(n)
7(z) —r(z)| = O(hF) + O(h*) 4+ Oas ( n90$(h)> :

3.3 ASYMPTOTIC NORMALITY

Here, we study of the asymptotic normality of 7, (z). To do that, we replace assumptions
(H1), (H3) and (H4) respectively by the following hypotheses:
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(N1) The concentration property (H1) holds. Moreover, there exists a function y,(.) such that,

lim Po(r) = Xz(9).

for all s € [0,1],
r—=0 (1)

(N2) For v € {1,2}, the functions ¥.(z) = IE[g,(X) — g,(x)|d(z, X) = 2] are derivable at

Zero.

(N3) The kernel function K satisfies (H3) and is a differentiable function on |0, 1] where its

first derivative function K’ is such that: —oo < ¢ < K'(z) < ¢ < 0.

(N4) The small ball probability satisfies: ny,(h) — oc.
(N5) For m € {1,2,3,4}, the functions ¢,,(r) = E[G(Y) 'Y "™|X = z] are continuous in a

neighborhood of z.

Assumption (H1) is the same as that used by Ferraty and Vieu (2006) which is linked
to the functional structure of the functional covariate. Assumptions (H2), (H3) and (HT)
deal with the functional aspect of the covariate and the associated small ball probability
techniques used in this paper. Assumptions (H6) and (HS8) specify the model and the rate of
mixing coefficient. Condition (N5) stands as regularity condition that is useful to establish
the asymptotic properties of the estimators. Assumptions (H3), (H4), (N3) and (N4) concern
the kernel K and the smoothing parameter h and are technical conditions.

The fractal or geometric process is a family of infinite dimensional processes for which
the small balls have the property ¢,(t) = P (||z — X|| <t) ~ ¢,t7, where ¢, and 7 are
positive constants. In this case, setting h, = An™® with 0 < a < 1 and 0 < A implies
0z (h) = ¢z An™7%. Thus, (H1), (H4) and (H8) hold when v < 1/a.

Theorem 3.3 Under Assumptions (H6)-(H8)and (N1)-(N5), we have

(n%(h)>1/2 (Fn(az) () - hBy() — 0(h)> B N(0,1), as n— .

2
o?(x)
D e o
where — denotes convergence in distribution,

(¥1(0) — r(2)¥5(0)) Ao

Bule) = Brga()

and

(q2(x) — 2r(x)gs(z) + r*(x)qa(x)) Ba
B3

o*(x) = #0,

with By = K(1) — [y (sK(s))'xz(s)ds and 8; = K7(1) — [ (K7)'(s)xx(s)ds # 0, for j = 1,2.
Remark 3.4 (Comeback to complete data). In absence of censoring (G(z) = 1), the asymp-
totic variance becomes

02(1;) _ (ag(x) — 2r(w)as(r) + rz(x)a4(x))52’

Bt

where a;(x) = IE[Y 7| X = x|, which is the result obtained by Demongeot et al. (2016).



152 Fetitah et al.

4. SIMULATION AND APPLICATION

4.1 SIMULATION STUDY

In this section, we treat a simulation example to show the behaviour of our estimator 7, (x)
and to compare the sensitivity to outliers of the classical regression defined as the conditional
expectation m(x) = IE[Y|X = z] estimated by

and the relative error estimator 7, (x) previously defined. To do this, we consider the classical
nonparametric functional regression model stated as

Y =r(X) +e,

where the operator r is defined by r(X) = 10/[1 + fol X2(t)dt].

We consider two diffusion processes on the interval [0, 1], Z1(t) = 2 — cos(ntW) and Zs(t) =
cos(mtW), and we take X (t) = AZi(t) + (1 — A)Zy(t), where A is a Bernoulli distributed
RV and W is an a-mixing process generated by the model expressed as

1
lei(vvl_1+’fh), 1217,200,

V2

with 7; being centered Gaussian distributed RVs with variance 0.5 and independent of 7;.
We carried out the simulation with n = 200 sample of the curve X. The error variable
e; ~ N(0,0.5). We also, simulate n independent and identically distributed RV Cj, for
i=1,...,n, with law E(\) (that is, exponentially distributed with density )\e_/\“”]l{zzo}).
Simulated data from our model are plotted in Figure 1. To compute our estimator based on
the observed data (X, T;,0;), for i = 1,...,n, where T; = Y; A C; and 0; = lyy,<c,3-

X(t)
1

0.0 02 04 06 08 10

Figure 1. The curves X;—1,... 100(t), for te€[0,1].
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We choose the quadratic kernel defined by

K(l‘) = g (1 - $2) ]1(071).

In practice, the semi-metric choice is based on the regularity of the curves X which are
under analysis. In our case, we take the semi-metric based on the second derivatives of the
curves X. More precisely, we take

1 1/2
d(Xi, X;) = ( /0 (X7(t) — X;’(t))th) VX, X; € F,

where X" denotes the second derivative of the curve X. For the bandwidth, we choose
the automatic selection with a cross validation procedure introduced by (Ferraty and Vieu,
2006, Ch.13).

We split the data generated from the model above into two subsets: a training sample
(X5, T3,0;), for i =1,...,150, and a test sample (X;, T}, d;), for j = 151,...,200. Then, we
calculate the estimator 7(X;) for any j € {151,...,200}.

The performance of both estimators is described by the mean squared error (MSE) for-
mulated as

2
1 00

MSE = 55 3 () = 7).

where 7(X;) means the estimator of both regression models and 7(X;) the response vari-
able. We note that the result of our simulation study is evaluated over 100 independent
replications.

The obtained results are shown in Figure 2 with the censorship rate CR = 20.67%. It is
clear that there is no meaningful difference between the two estimation methods: the classical
kernel estimator (CKE) has an MSEckg = 0.2209, whereas the relative error estimator
(REE) has an MSEggg = 0.1579.

(CKE): MSE=0.2209 CR=20.67% (REE): MSE=0.1579 CR=20.67%

Predicted responses
Predicted responses
4
|

Responses of testing sample Responses of testing sample
Figure 2. comparison between the CKE and the REE without outliers.

The results of a second illustration are given in Table 1, where from we observe that, in
the presence of outliers (0, 10,20) with different values of CR = 3%, 30%, 60%), the relative
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error regression performs better than the classical method, even if the MSE of both methods
increases substantially relatively to the number of the perturbed points and censorship rate,
it remains very low in terms of the relative error.

Table 1. MSE of the CKE and REE according to numbers of introduced artificial outliers and different
censorship rate.

Number of artificial outliers  — 0 10 20
CiR

3% 0.0921 2856.646 6499.6945
Classical kernel estimator 30% 0.8766 14126.2706 19358.5386

MSEckg 60% 2.8038 32182.8188 56681.7038
3% 0.0551 0.0579 0.0665
Relative error estimator 30% 0.0949 0.1048 0.1258
MSEREE 60% 0.1455 0.1903 0.2712

Our main application of Theorem 3.3 is to build confidence intervals (CIs) for the true
value of r(z) given curve X = x. A plug-in estimate for the asymptotic standard deviation
(n@g(h)/o?(x))'/? and the bias term hB,(z) 4 o(h). Precisely, we estimate ¢,,(z) by means
of

oy Ko GA(T) T
>y Ki ’

am(z) =

whereas we estimate empirically 81 and Sy by using

R 1 n R 1 n
B = K; and [y = K?.
' npz(h) ; ? gz (h) ;

Thus, the practical estimator of the normalized deviation is stated as

7 <(Z?:1 1) (@le) = 27@)as(a) + %)@(x)))l/z.
: (37 Ki)? d3(x)

We point out that the function ¢, do not intervene in the calculation of the CI by sim-
plification. Hence, the approximate (1 — ¢/2) x 100% CI for r(z), for any z € F, is given
by

[Fn(x) - ZlfC/2&n(x)7 77”(‘73) + 21,§/25n($)} '

where z;_¢ /9 denotes the (1 — (/2) x 100th quantile of the standard normal distribution.
In order to compare our CI with that of the classical regression (Ferraty et al., 2007), we
have

—L (f(x) — m(z)) B N(0,1),

where o2(z) = E[(Y — m(2))?|X = z] and B, B2 are define previously.
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With simple calculus, we can estimate o2(x) based on

~2 ~

G2 (x) = pa(x) — 2m(x)pi (x) + > (x),
where

m K0, GoNT)T!
~ =1 i ) )"

pi(z) = - , Vie{l,2}.
(x) ST K {12}

Therefore, the approximate (1 — (/2) x 100% CI for m(z) (the classical regression), for any
x € F, is formulated as

’I’?L(l’) — 214/2M7m($) + 214/2\/;2:76(93)
1

A

In order to construct confidence bands (for both CKE and REE), we proceed by the following
algorithm:

Step 1 Split our data into randomly chosen subsets: (X;,Y;)icr (training set) and (Xj,Y]) es
(test set).

Step 2 Calculate the estimator 7, (X;) for all i € I by using the training sample.

Step 3 For each Xj in the test sample, set i* := arg min;e; d(X;, X;).

Step 4 For all j € J, define the confidence bands by means of

[T (Xi+) — 20.9750n(Xi+ ), T (Xi+) + 2097500 ( X4+ )],

where 29975 ~ 1.96 is the 97.5% quantile of a standard normal distribution.
Step 5 We present our results by plotting the extremities of the predicted values versus the true
values and the confidence bands.

Figures 3 and 4 shows clearly a good behaviur of our estimator compared to the classical
regression, with censorship rate (CR = 30%) and in the presence of outliers. In these figures,
the solid black curve connects the true values. The dashed blue curves connect the lower
and upper predicted values. The solid red curve connects the crossed points which give the
predicted values.

CKE (Out=0) CR=30% REE (Out=0) CR=30%

< 4 —_— True values S —_— True values
— Predict values ——— Predict values

Figure 3. Extremities of the predicted values versus the true values and the confidence bands (simulation data
without outliers).
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CKE (Out=10) CR=30% REE (Out=10) CR=30%

4 —
5 True values
—_— Predict values

100
L

50
L

Figure 4. Extremities of the predicted values versus the true values and the confidence bands (simulation data in
the presence of 10 outliers).

4.2 A REAL DATA APPLICATION

First, we have acquired a large dataset, consisting of number of 8784 records, containing the
hourly energy consumption for the year 2016 (measured in MWh), retrieved from the smart
metering device of a commercial center type of consumer (a large hypermarket). We have
also acquired a dataset containing the historical hourly meteorological data regarding the
temperature (measured in Celsius degrees). These data were recorded by the meteorological
sensors of a specialized institute for the year 2016, consisting in a number of 8784 records;
see Pirjan et al. (2017) and Mebsout et al. (2020) for more description on this data set.
Now, we are interested in the estimation of interval prediction of peak consumption of
energy. For a fixed day i, let us denote by (E;(t;));j=1,. 24 the hourly measurements of some
consumption of energy. The peak demand observed for the day i is defined as

P = jmax, E; (t5) -

temperature energy

Figure 5. Sample of 15 daily temperature curves and the associated energy consumption curves.

It is well known that peak demand is very correlated with temperature measurements.
Figure 5 provides a sample of 15 curves of hourly temperature measures and the associated
electricity consumption curves. We split our sample of 366 days into a learning sample
containing the first 300 days and a testing sample with the last 66 days. From the learning
sample, we selected 30% of days within which we generated the censorship randomly. Figure
6 provides a sample of four censored daily load curves. For those days, we observe the
electricity consumption until a certain time t. € [1,24], which corresponds to the time of
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censorship which is plotted in a dashed line in Figure 6. For a censored day, we define the
censored random variable as

Ci = jmmax E; (t5).

Therefore, our sample is formed as follows (X, Y;, d;)i=1,. 300, where 6; = 1 if ¥; = P, and
0; = 0 if Y; = C;. In order to introduce the outliers in this sample, we randomly multiplies
by 10 some response variable of a number of observations.

Consumption (MWHh)

Consumption (MWHh)

Consumption (MWh)
L
Consumption (MWh)
L

03 04 05 06 07 08

025 035 045 055

Figure 6. Sample of four censored daily load curves, the dashed line corresponds to the time of censorship t..

The selection of the bandwidth parameter is an important and basic problem in all kernel
smoothing techniques. Another important point for ensuring a good behavior of the method
is to use a semi-metric that is well adapted to the kind of data we have to deal with. Our
data are based on the m eigen-functions of the empirical covariance operator associated with
the m greatest eigenvalues (Ferraty and Vieu, 2006, Ch. 13). The estimators are obtained
by choosing the optimal bandwidths by L' cross-validation method and the kernel K is the
quadratic function defined by K(z) = 3/2 (1 — %) Lj0,1- The error used is expressed by

1 366 366
MSEckg = — (Y; —m(X;))> and MSEggg = — (V; — 7(X;))?.

66 =301 66 =301

The results are given in Figure 7, where two curves corresponding to the observed values
(black curve) the predicted values (dashed curve green for the classical regression and red for
the relative one) are drawn. Clearly, Figure 7 shows the good behavior of our procedure. We
observe that the relative approach gives better results than the classical regression approach
(MSECKE = 0.0883 and MSEREE = 0.0034).
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(CKE): MSE=0.0883 (REE): MSE=0.0034
o _— Responses Y; —_— Responses Y;
I Predicted o(X) | | mmmmme-- Predicted T1(X;)

18

1.6

14

1.2

1.0

08
L

Figure 7. Prediction by classical and relative regression.

Now, we give in Table 2 the 90% predictive intervals of the concentrations for the peak
load of the 20 last values in the sample test. This conclusion shows the good performance
of our asymptotic normality.

Table 2. The 90% predictive intervals of the peak demand for the last 20 days.

True Predicted Predictive True Predicted Predictive
value value Clgo, value value Clgoy,
0.851 0.8310 [0.6078, 1.0542] 1.062 1.0017 [0.8279, 1.1756]
0.819 0.8177 [0.7376, 0.8978] 0.796 0.8514 [0.7592, 0.9435]
0.896 0.8307 [0.7697, 0.8918] 1.259 1.0946 [0.9344, 1.2548]
0.877 0.8358 [0.4879, 1.1838] 1.076 1.0545 [0.8648, 1.2441]
0.813 0.8277 [0.4660, 1.1894] 1.152 1.0399 [0.9289, 1.1508]
0.857 0.8501 [0.5713, 1.1289] 0.974 0.8968 [0.7833, 1.0103]
0.862 0.8358 [0.7802, 0.8914] 0.790 0.8444 [0.7913, 0.8974]
0.847 0.8284 [0.3206, 1.3363] 0.823 0.7091 [0.0456, 1.3727]
0.832 0.8568 [0.7976, 0.9160] 0.804 0.7965 [0.6710, 0.9219]
0.859 0.8511 [0.7328, 0.9694] 1.129 1.1054 [0.8670, 1.3437]
CONCLUSIONS

In this paper, we have investigated the asymptotic properties of a nonparametric estimator of
the relative error regression given a dependent functional explanatory variable, in the case of
a scalar censored response. We have used the mean squared relative error as a loss function to
construct a nonparametric estimator of the regression operator of these functional censored
data. We have established the almost surely convergence and asymptotic normality of the
proposed estimator. A simulation study and real data application were performed to support
the theoretical results and to compare the quality of predictive performances of the relative
error regression estimator than those obtained with standard kernel regression estimates.
Our proposal provides interesting findings and is a tool that can be helpful to diverse
practitioners. Our proposal has some limitations that open some doors for further research,
which will be considered by the authors in future works.
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APPENDIX

Proof of Theorem 3.2 From Equation (5), we have

o) = 10| < o o) = 300 + ) — (G ()
HIE@ ) - )]} + A [anle) - o)

+192(2) — E(ga2(2))] + [E(g2(2)) — g2()| }

Therefore, Theorem 3.2’s result is a consequence of the following intermediate results.

Lemma 4.1 Under hypotheses (H2)-(H5), we have

() ~ ()] = O ( lg“ng("”) 7

for I € {1,2}.
Lemma 4.2 Under hypotheses (H1)-(H3) and (H5), we get

IE(gi(2) — ai(w)] = O(h"™),

for I € {1,2}.
Lemma 4.3 Under hypotheses (H1)-(H4) and (H6)-(HS8), we obtain

() ~ E(2))] = Once ( ;j((",j) ,

for I € {1,2}.

Corollary 4.4 Under the hypotheses of Lemma 4.1 and 4.2, we have that

there exists 0 > 0; such that Z IP( |G2.n(x)] < 5) < 0.

n=1

Let denote K;(x) by K(d(x, X;)/h).

Proof of Lemma 4.1
The proof is similar to Lemma 3.1 of Fetitah et al. (2020).

Proof of Lemma 4.2
For all [ = 1,2, we get that

1
IE(g(2)) — gi(x)| = ‘IE (IE)-Z;EQ(Z))IE [E(ﬂylfclyﬁyl Dﬁ}) —gi(w)
1

G(Y1)
N W‘E{ {E(Yl_l‘xl) - 91(37)] LB, (X1)K1(x)}‘.

159
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Then, by the Holder hypothesis (H2) we obtain that
lg1(X1) — gi(x)] < ehh.
Thus,

EG(z)) — qi(x)] < ch™.

Proof of Lemma 4.3
For [ = 1,2 we put

Ae) = g(TJZ;;K <d(I;LXi)> _E [g(TJZ;;K (d(x],lXi)ﬂ .

The use of the Fuk-Nagaev inequality (Rio, 1999, p. 87, 6.19b), which is based on

2= 33 [Cov (A(x), Ay(a)|

= Z |Cov (Ai(z), Aj(z))| +n Var (A (z)) .
i#j

Now, by using (H5), we get

Var (A1(z)) < IE

5, Y2 61Yy l
é%%)Kf(m)] HE [ :

K%(x)IE ( GQ(YI

K1 (2)E (IE(]IY1<01 Y1), ]

B[K} () (Y, X0)] + B (K (2) B (Y, X))

E(ly,<c, [Y1)Y 2l )]

In addition, for ¢ # j, we have

Cov (Ai(a), Ay (2))] = [ (Ay(2)A; (2))
< ¢ |B (K (2)K; (x)) + E (Ki(x)) B (K; (x))].

Then, following Masry (1986), we define the sets given by E1 = {(7, 7), such that 1 < |i—j| <
vp} and Ey = {(i,7) such that v, + 1 < |i — j| < n}, where v, — oo as n — oo. Then, we
can write 37, |Cov (Ai(x), Aj(z))| = Jin + J2n, where Ji,, and Ja, are the sums of the
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covariances over ) and Ey respectively. Therefore, under (H7), we get

Jin = D |Cov (Ai(w), Aj()] < e X [B(K:(2)K(2)) + E(Ki(2))]

< eSO |P((Xi, X)) € B(z, h) x Bz, b)) + . (h)?]

Eq
(%T(Lh))i + sox(h)] .

For the second term, we use the modified Davydov covariance inequality for mixing processes
(Rio, 1999, p.10). Then, we have

< cnvpp(h)

Vi # j,|Cov (Ai(x), Aj(x))] < calli = jl).
Thus, we get by (H6) that

Jom < Z |Cov (K;(z), K;(z))| < n21/;“.
Es

Hence, for v, = (¢, (h)/n)~1/%, we have >izj |Cov (Ai(z), Aj(x))| = O(nps(h)).
Consequently, combining previous result, we obtain

Sn = O(na(h)). (6)

Using the Fuk-Nagaev inequality, we get, for all [ = 1,2, ¢ > 0 and r > 1, that

-

> snIE(Kl(x))]

1 n
B @) 2 @)

i=1

P | Elgi(x)] - Gi(x)] > <] =P [

:Ipl

e2n?IE(K,(x))? o -1 ! "
SC{<1+rsz> oo (i) }

< C(Al + Ag),

n

> Ai(x)

i=1

where

_(, ErEE @)Y - P\
Al = <1+ 2 > and As =nr 1(mmw) .

Therefore, by Equation (6) and putting

log(n)
neq(h)

=¢o and 7 = (log(n))?,

it follow that Ay < cn!=(@+D/2p (R)~(@+1)/2(log(n))B2=1/2 Next, using the left side of
(H8), we obtain Ay < cn~ =1+ D/2(log(n))Be=1/2 Hence, it exists some real v > 0 such
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that

Ay <en' (7)

2

Because of = (log(n))?, we show that

) ,<log<2n>>2 )
O n 2
A< [1+ £0 — log [ 1+ £0 .
log(n) log(n)
Using the fact that log(1 + z) = 2 — 2%/2 + o(2?), when = — 0, we get
52 O n 82
A <e” e n"e.

The last result allows us to get directly that there exist some gy and some v/ such that

/

Ay <en 17V

(8)

Therefore, by the results of Equations (8) and (7), we have

> €0

log(n) ] <0

3l - o) > o 220

n>1

Proof of Corollary 4.4
The proof of this Corollary is analogous to Corollary 2 of Demongeot et al. (2016).

Proof of Theorem 3.3
From Equation (5), we adopt the decomposition stated as

m(x) —r(x) =7 (z) = 7(x) +7(x) — r(x) =: Lin(x) + Ion(x)
where
Lip(x) =7, () = 7(z) and Isy(z) =: 7(x) — r(2).

The proof is derived by showing first that Iy, (x) is negligible whereas I, (z) is asymptotically
normal distributed.
From Lemma 4.1 and Corollary 4.4, we deduce that

Iin(z) 25 0. (9)

Now, we can write that

(1) = =5 [ D+ 4 (B )] = )] + A (10)

@
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where
1 ~ ~
A = B e (E A @] 0@ - Ba@)a@)
Dy, = gz%l’) {Vm () g2(x) — Van (7) 1 (1:)]7

whith Vi, (x) = gi(z) — E[g(x)], for [=1,2.
Then, it follows from Equation (10) that

F(@) = (@) = Ay = =—— [ Do + An (B [5(2)] - §o(2))]

Dy, — A Vo, (x)
92() '

Consequently, the proof of Theorem 3.3 can be deduced from the convergence in Equation
(9) and the following intermediate results (cf. Lemmas 4.5, 4.6 and 4.7).

Lemma 4.5 Under hypotheses of Theorem 3.3, we have

(250" (30 B30 o) - 1) - B () B (0
o) (1@ -EL@] @) - 50 - EGRe)a@) 370D,

Lemma 4.6 Under hypotheses of Theorem 3.3, we obtain
A, = hB,, + o(h).

Lemma 4.7 Under hypotheses of Theorem 3.3, we obtain
Gol(x) = g2().

and

" 1/2
(o) A o) - 2) £ o.

Proof of Lemma 4.5
It is easy to see that

npelh) | (32() ~ B 3:0)]) )r(a) — (31(0) ~ B[ (0)] ) gal)] = = Z Li(x),
where
Lio) = o { G B (0T - T ) L;ZST)K (0@ T2 = go(a) T

The proof of this lemma is based on the central limit theorem of Doukhan et al. (1994).
We have then to consider the asymptotic behavior of the variance term and the following
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assumption
! 2
| a7 w) (@ w)*du < +ox,
0
where Jr, is the upper tail quantile function defined by
Qr,(u) =inf{t >0:P(L; >t) <u}

and o ' (u) = 3, cN Lu<a, - Clearly,

1 & B . 92(7) ~ 0 o
Var (\/EE;LZ(:E)) = npz(h) Var ( ; G T KT, TR [R] ; G(TZ)KZTZ >

= . () ( Var [§1 ()] g3 (x) + Var [3(z)] ¢} (x)

—~2g1(x)g2(x) Cov [ (v), Ga(x)] ).

By definition of g;(z) for | = 1;2, we have

nipz(h) Var [g1(z)] =

pe(h) &~ I R} S
EE S & O lG(ﬂ)m Gy

where

1 _
C_J(Tl)KlTl 11 :
I .
2P COV[ & (1) “l’Gm—)KJTJ’l]'

=1 J=1
|i—j|>0

By conditioning on the random variable X7, by the same ideas in the proof of lemma 4.2,
Lemma 4 in Ferraty et al. (2007) and by using hypotheses (H5), (N1) and (N4), we get

(51Y17l 2 B IE<]]-Y1<01|Y1) B
(c‘:m)) Klz(x)] ‘E[K%@]E( (1) 'Xlﬂ

y; 2
= lIE (G( )]Xl = x) +o(1)

= o) [ ;QY) X1 = ] (520~ [ (K2) xala)dn) +ofipa(h)

E|[K}(z)]
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and
Py ) = Ol ()
G(Yl) 1 1 Pa .
Thus:
01 -1 -2 2 2/ 3)
Var lG(Tl)Tll 1]=%<h>na (G )Y X = 2 (K (1) - / (K%(s)) xz<u>du)
+0 (¢2(h))
We obtain
@x(h) q2l(l‘)52
7(113 [Kl])2 J171 — ﬁ% . (11)

Let us turn to Js,, for this we use the technique of Masry (1986). We define the same sets
E1 and E» in the proof of Lemma 4.3. Let J21’n and Jin be the sums of covariances over F;
and Fs respectively. On the one hand, we have

5i ‘T_l 6]
G(T) T E(T)

Ton =2

B,

KT < CY |E[KK;] - E[K]E[K;]|.

En

Cov [

Because of the assumptions of Lemma 4.3 we can write

T < enea(h) ((@“yih))i +oult)).

Hence, for the summation over Es, we use the Davydov-Rio inequality (Rio, 1999, p. 87),
for mixing processes. This leads, for all ¢ # j, to

|Cov (K5, Kj)| < cali — ),
Therefore,

> |Cov (K;, Kj)| < nPuy .
Eo

The choice v, = 1/[ps(h) log(n)], motivated by the upper bound in (H8), permits to get

Xn:Cov (I, Kj) = o(ngz(h)) ,
i#£]

then

5J2n = 0(1) as n — oo. (12)
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Thanks to Equations (11) and (12), we have

Baga(x)
o

nyy(h) Var (g;(z)) — as n —» 00. (13)

Concerning the covariance term, we follow the same steps as for the variance given in
Equation (13) then we get:

as n — Q.
i

nipa(h) Cov (91(x), g2(x)) —

Let us now prove the claimed result. Clearly, the function ()1, is nonincreasing, then

S [ l@n P du < Y anh, 0
n=1"0 n=1

By hypotheses (H1), (H3) and (H5) we can write

L <
Vealh) = 7 Va(h)

c
Then,

ul0) << 7o

Therefore, we have

i/a (Qr, (u du<Zan oo (h) 7L

n=1

It follows from (H7) and (HS8) that

Z/ ' [Qr, (u)])? du < oc. (15)
From Equations (13), (14) and by noting

(a2(@) = 2r(0)as () + r(x)as() ) Bo
B |

o?(x) =
we conclude that
1 n
ar | — Li(zx) | — o%(z) as n — o0. 16
( i >> (@) (16)

Now, the lemma can be easily deduced from Equations (15), (16) and the central limit
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theorem of Doukhan et al. (1994) as

n _ 1/2
¢;7&%§:L ~(e)

x([91(@) = E[1(0)] |g2() = [G2(2) = B [Ga()] | g1(x)) B N (0, 1),

Proof of Lemma 4.6
As in Ferraty et al. (2007) we show that:

Efra(@)] = E[i(” 0 (Twi(h)> '

So, it suffices to evaluate IE[g;(x)] for | € {1,2}, we obtain

1
IE [K]
1

- B (a(0) B [0 + B[Ki B (g (X1) — u(a)|d (X2, ) )])

E[5:(2)] = o B(Ki@0)E [v|X4] )

B Ky (W (d (X1,2)) ) |
IE [ K]
3 K ()W (ht)dPAe)/n (¢)
RO

=g(z) +

= gi(v) +

By using the first-order Taylor expansion for ¥; around 0, where ¥;(0) = 0, we have

Jo £ (1) AP0 R 1)
Jo K (6)dPTeX7 )

E[gi(x)] = gi(x) + h¥(0) [ +o(h).

According to Lemma 2 of Ferraty et al. (2007) we get, under (N1)

1 d(a,X)/h (4 1
?ﬁ?&mﬁ&ﬁémﬁwaWWW%m
0

Consequently

then we deduce that:

Proof of Lemma 4.7
The same idea in the proof of Lemma 3.6 of Fetitah et al. (2020).
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