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Abstract

In this study, we propose the use of the concentration function as a novel tool for assess-
ing the adequacy of predictive distributions in a Bayesian framework. The methodology
relies on a rolling-origin evaluation strategy, in which the available time series is parti-
tioned into two segments: the first is used for model estimation, while the second is used
for out-of-sample prediction. The concentration function is then constructed for each
set of forecasts, providing a distributional assessment of predictive performance across
competing models. In this framework, the model with the least inequality in its con-
centration function is interpreted as offering superior predictive fit. To complement this
curve-based analysis, we compute two well-established inequality measures—the Gini
concentration coefficient and the Pietra index— which provide further evidence and
consistency regarding model performance. These measures allow for a comprehensive
evaluation of how closely predictive distributions align with observed outcomes. The
proposed methodology is validated through a simulation study, in which its ability to
discriminate between models is assessed under controlled conditions. We illustrate its
practical applicability by analyzing real-world data, thus demonstrating the usefulness
of concentration functions and associated inequality measures as diagnostic tools for
Bayesian predictive evaluation.
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1. INTRODUCTION

The concentration function generalizes the concept of the Lorenz curve [1], a graphical
tool designed to illustrate the distribution of a variable, most commonly income or wealth,
within a given population. The concept was first introduced by the American economist
Max O. Lorenz in 1905 and has since become a standard tool in the analysis of inequal-
ity and resource allocation. Its main strength lies in its ability to provide an intuitive
visualization of the degree of inequality present in a distribution.

The construction of the Lorenz curve begins with a dataset representing the distribution
of the variable of interest (such as household income). The observations are arranged in
ascending order, from the lowest to the highest values. For each ordered group, the cumula-
tive share of the variable is calculated as the proportion of the total sum accounted for up
to that point. Simultaneously, the cumulative proportion of the population is determined,
corresponding to the share of individuals or households represented in each group.

By plotting the cumulative share of the population on the horizontal and this share of
the variable on the vertical axis, the Lorenz curve is obtained. Fach point along the curve
represents the cumulative distribution at a specific percentile of the population. A perfectly
equal distribution corresponds to a 45-degree line (the line of perfect equality), where each
cumulative share of the population holds an equivalent cumulative share of the variable. In
practice, Lorenz curves typically lie below this line, signaling the presence of inequality. The
magnitude of this deviation can be summarized by the Gini coefficient |2], a scalar measure
of inequality derived from the Lorenz curve. The Gini coefficient takes values between 0,
representing perfect equality, and 1 in the population limit, corresponding to the extreme
case in which all of the variable is concentrated in a single individual.

Autoregressive Moving Average (ARMA) models are classical statistical models widely
used for analyzing and forecasting time series data. They combine two components: the
autoregressive (AR) part, which captures the dependence of the current observation on
its past values, and the moving average (MA) part, which models the dependence on past
forecast errors or shocks. Formally, the autoregressive component assumes that the current
value of a series can be expressed as a linear function of its lagged observations, while the
moving average component represents the current value as a linear combination of present
and past innovations. ARMA models have been widely applied in various fields, including
economics, finance, engineering, and environmental sciences, due to their ability to parsimo-
niously capture temporal dependence. Importantly, ARMA models require the underlying
time series to be stationary, meaning that its mean, variance, and autocovariance structure
remain constant over time. In cases where non-stationarity is present, transformations such
as differencing or variance-stabilizing methods are typically applied before model fitting.

In this study, we propose using the concentration function to evaluate the predictive dis-
tributions generated by ARMA models. Specifically, we construct a concentration function
based on the predictive likelihood ratio of two competing ARMA models. Deviations from
the line of perfect equality in this curve indicate the presence of inequality, which, in turn,
reveals that a given observation is more likely to be forecast by one model rather than the
other. This approach allows us to compare models not only in terms of point forecasts but
also with respect to the distributional properties of their predictive performance.

The remainder of the article is organized as follows. Section 2 provides a literature re-
view on concentration functions and related measures. In Section 3, we present the formal
definition of the concentration function. In Section 4, the general methodology is intro-
duced for applying the concentration function to predictive distributions. Section 5 offers
a brief overview of ARMA models, while Section 6 describes the simulation study designed
to validate the proposed procedure. In Section 7, we illustrate the methodology with an
application to gas prices and Section 8 summarizes our findings.
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2. REVIEW OF LITERATURE

The Lorenz curve, originally developed to measure income inequality, has been widely
adapted in various fields as a general tool for assessing distributional inequality. In health
economics, it forms the basis of the concentration curve and concentration index, which are
used to assess the distribution of health outcomes or healthcare utilization among socioeco-
nomic groups [3]. These methods allow researchers to capture inequalities beyond income by
showing whether poor health disproportionately affects disadvantaged populations. Simi-
larly, in environmental justice research, Lorenz-type dominance methods have been applied
to analyze inequalities in the distribution of pollution and environmental risks. Empirical
studies have demonstrated unequal exposure to air pollution among population subgroups
by comparing cumulative population shares with cumulative environmental burdens [4, 5].

In credit risk modeling, Lorenz-type curves appear in the form of cumulative accuracy
profiles (CAP), closely related to the Gini coefficient and the ROC-AUC measure. These
curves provide a graphical means of assessing the discriminatory power of scoring models,
with stronger curvature indicating greater predictive accuracy [6]. In ecology, Lorenz curves
are used to quantify inequality in species abundances, with direct connections to concepts
such as dominance, diversity, and entropy [7]. Beyond the natural sciences, bibliometrics
employs Lorenz-type methods to describe the unequal distribution of scientific citations
and journal productivity [8]. Theoretical developments have further expanded these ideas:
multivariate Lorenz curves generalize the approach to multidimensional attributes, while in
probability theory, the Lévy concentration function provides a related but distinct concept
that measures the clustering of random variables within intervals [9]. These studies highlight
that Lorenz-type curves are not confined to analyzing income inequality; instead, they serve
as a unifying framework for representing unevenness, concentration, and dominance across a
wide range of domains. Whether applied to health outcomes, environmental burdens, model
performance, biodiversity, or scientific outputs, these curves provide a powerful geometric
tool for visualizing and comparing distributions across contexts.

Evaluating forecasts and comparing predictive models in time series are central activities
in econometrics and statistics. The classic foundation lies in measures of forecast accuracy,
such as mean squared error, mean absolute error, and mean absolute percentage error.
Early surveys, such as [10], established systematic frameworks for benchmarking predictive
methods. A key advance was introduced in [11], who developed a widely used statistical
test for comparing predictive accuracy between models. Their contribution formalized the
idea that forecast errors can be interpreted as loss functions and evaluated according to
asymptotic theory, thereby providing a rigorous basis for model comparison.

Subsequent research expanded this framework to address the limitations of standard pro-
cedures. For instance, in [12, 13, 14|, forecast comparison methods were extended to the
case of nested models, where conventional tests tend to be biased in favor of larger spec-
ifications. To address the challenges in multi-model comparisons, in [15], it was proposed
the reality check, and in [16], it was developed the superior predictive ability test, both of
which can mitigate data snooping problems. Complementary approaches such as the model
confidence set presented in [17] provide formal procedures for identifying subsets of models
that cannot be statistically distinguished in terms of predictive performance.

Choice of the evaluation method depends critically on the loss function and the deci-
sion context. While symmetric quadratic losses remain standard, alternative loss functions,
including quantile-based, asymmetric, and utility- or value-based measures, have been de-
veloped for applications in risk management, finance, and decision making [18|. In addition
to point forecasts, recent advances emphasize the evaluation of density and probabilistic
forecasts. Tools such as the probability integral transform, logarithmic scoring rules, and
other scoring rules have become essential for assessing predictive distributions [19, 20].
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In parallel, Bayesian econometrics has developed a complementary perspective on forecast
evaluation by directly focusing on predictive distributions. Central to this approach is
the log predictive density, which provides a natural scoring rule consistent with Bayesian
decision theory [21].

Related measures include Bayes factors and the log predictive score, which allow formal
comparisons between competing models on the basis of their predictive likelihoods [22].
Bayesian forecast evaluation also incorporates posterior predictive checks, which assess the
calibration of predictive distributions relative to observed data. More recent contributions
propose simulation-based tools, such as predictive Bayes factors and cross-validation crite-
ria (for example, LOO and WAIC), that offer flexible methods for model comparison even
in high-dimensional or nonlinear settings [23, 24|. Related Bayesian approaches to detect-
ing structural changes in autoregressive time series models are discussed in [25]. Both the
frequentist and Bayesian literatures provide a rich and complementary set of tools for eval-
uating time series forecasts, with Bayesian methods offering particular advantages when
the full distribution of uncertainty is of interest.

Although existing methods offer powerful tools for assessing forecast accuracy, they are
not without limitations. Classical approaches often focus on point forecasts or rely heavily
on specific loss functions, while Bayesian measures such as log predictive density or Bayes
factors, though theoretically grounded, can be sensitive to prior choices and may lack
intuitive interpretability in applied contexts. To complement these approaches, we propose
the use of the concentration function as a new tool for comparing predictive models in a
Bayesian setting. By representing predictive likelihood ratios through Lorenz-type curves,
the concentration function provides a geometric and distributional perspective on model
performance. This framework allows researchers to assess not only average predictive fit but
also the extent of inequality in how competing models distribute probability mass across
outcomes. Thus, it bridges the literature on inequality measurement with Bayesian forecast
evaluation, offering a new perspective that is both rigorous and intuitively interpretable.

3. (CONCENTRATION FUNCTION AND LORENZ CURVE

The Lorenz curve is a graphical tool used to describe the discrepancy between a discrete
probability measure IT and a discrete uniform measure Ilg. Its classical application concerns
the comparison between the actual income distribution in a population (II) and a hypo-
thetical scenario in which income is evenly distributed across individuals (IIp). Formally,
the Lorenz curve is obtained by plotting the cumulative wealth of the poorest fraction of
the population against its population share.

Consider a population of n individuals, where x; denotes the wealth of individual i, for
i=1,...,n. Ordering individuals from poorest to richest yields z(y), ..., (). Define Sop = 0

and S = Zle z(;), the cumulative wealth of the poorest k individuals. Then, the Lorenz
curve is represented by the sequence of points stated as (k/n,Sk/S,) for k = 0,...,n
which are connected by line segments to form a continuous curve joining the origin (0, 0)
with the point (1,1). If wealth is uniformly distributed, the Lorenz curve coincides with
the 45° line of equality. Otherwise, the curve is convex and lies strictly below the line of
equality, reflecting inequality in the distribution of wealth [26].

To summarize inequality, we employ two classical measures from the inequality literature.
The Gini concentration area [2|, which is equal to one half of the usual Gini coefficient,
measures the area between the Lorenz curve and the line of equality given by

Ag = n+1 12%

n
k=1

where S}, is the cumulative sum of the ordered wealth levels.



Chilean Journal of Statistics 221

The corresponding Gini coefficient is G = 2Aqg, which ranges between 0, representing
perfect equality, and 1, representing maximal inequality in the population limit. The Pietra
index [27] captures the maximum vertical deviation from the line of equality formulated as

kS
P= sup ( — k) .
1<k<n—1 \7  Sp

These indices can be used to order income distributions in terms of inequality: smaller
values indicate that a distribution is closer to perfect equality (with respect to the uniform
reference), whereas larger values reflect stronger concentration of wealth.

In a more general probability space (£2,.4), the concentration function of II relative to
Iy is defined for any z € [0,1] as ¢(x) = inf{II(A): A € A and IIy(A) > z}. Intuitively,
©(z) provides a lower bound on set probabilities, capturing the minimum proportion of IT’s
mass that can be allocated to subsets with IIy-measure at least . When Il is nonatomic,
this construction yields a function ¢ that is defined for all = € [0, 1] and has additional
regularity properties; a more general but equivalent formulation is provided in [28].

The concentration function possesses several useful properties: it is nondecreasing and
convex. Moreover, when IIj is nonatomic, ¢ is continuous on [0, 1]. In addition, we have
that

o) =0, Ve e[0,1] eI LI,  ¢(x) =z Vzel0,1]< II=1I.

The concentration is equal to zero on the entire interval [0, 1] if and only if II is singular
with respect to I1y. An example is the concentration function of a discrete distribution with
respect to a continuous one. Two illustrative cases highlight the interpretive value of the
concentration function. First, if ¢(1) = 1, then II is absolutely continuous with respect to
ITy. Conversely, if ¢(z) = 0 for all 0 < z < a, then II assigns zero mass to a subset A € A
such that IIp(A) = a.

Properties of the coefficients of divergence in this framework were studied in [29] and
given by

1
G, (I1) = 2 /O (¢ —ple) e, Cn )= sup (2= ple))

which correspond, respectively, to the Gini concentration coefficient (twice the concentra-
tion area) and the Pietra index. The associated concentration area is Gy, (II)/2, taking
values in the interval [0,0.5]. The latter coefficient Cy, (IT) has been shown to be equal to
the total variation norm [28].

The divergence coefficients vanish when II = Iy and attain their maximum value when
IT and IIy are mutually singular, that is, when

CHO(H) IO@GHO(H) =0< 11 =1, CHO(H) =1 @GHO(H) =1« 1II L Iy.

In Figure 1 we show an example of the Lorenz curve and the concentration function.
Panel (a) shows the construction of the Lorenz curve from cumulative population and
measure shares II. Panel (b) illustrates inequality measures: the shaded area corresponds
to the Gini concentration area, while the maximal vertical distance x — p(z) over = € [0, 1]
corresponds to the Pietra index. Panel (c¢) depicts the concentration function ¢(z) directly,
highlighting its convex, nondecreasing nature and its interpretation as a lower bound on
set probabilities. The line of perfect equality (y = x) corresponds to the case IT = Iy, while
deviations below the line indicate increasing divergence between II and Ilj.
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(a) Lorenz curve construction (b) Comparison: Gini area & Pietra index
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Figure 1.: Lorenz curves and concentration function. Panel (a) shows the construction of
the Lorenz curve from cumulative population and measure shares II. Panel (b) illustrates
inequality measures: the shaded area corresponds to the Gini concentration area, while the
maximal vertical distance z — ¢(x) over z € [0, 1] corresponds to the Pietra index. Panel
(c) depicts the concentration function ¢(x) directly. This figure uses the classic income
inequality context for illustrative purposes only.

4. GENERAL APPROACH

The proposed tool is based on the concentration function 28], which generalizes the classi-
cal Lorenz curve. Unlike the traditional Lorenz curve, which compares a distribution to a
uniform reference, the concentration function allows the comparison of any pair of proba-
bility measures Iy and II; defined on the same measurable space. In our context, Iy does
not need to be uniform.

Consider the predictive likelihood ratio expressed as

_ dHl( ) = piy | @) [y | 01, 210) pr(61 | x14) A6, (1)

A = :
) dity Y po(y | z1t) [ 1oy | 0o, 21:6) Po(Bo | 21:¢) dbo

where po(y | z1.¢) and p;1(y | £1.+) denote the predictive density functions of two competing
models, My and M, respectively, and po(fy | z1.¢) and p;(0; | 1.+) are the corresponding
posterior distributions. The posterior distributions are obtained via Bayes’ theorem, which
in this context can be written as

pi(05 | z1:4) o< pj(1 | 05) pi(0;) = 1;(055014) pi (05), 5 =0,1,

where [;(0;;x1.+) and p;j(#;) denote the likelihood function and prior distribution for the
parameters 6; of model M;.
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In practice, the predictive likelihood ratio A(y) can be approximated using posterior
Monte Carlo samples defined as

Ay = DLz _ 37 T pily | 07 )

= = :’[/’\‘7

po(y | z1:4) ﬁ Z%:l Po(y | Qém),xlzt)

where (95»1), ey HJ(M)) are posterior draws from model M;. Given a forecast observation ,
this ratio 7 quantifies which model assigns a higher predictive probability to the realized
outcome.

5. AUTOREGRESSIVE MOVING AVERAGE MODELS

ARMA models are central to time series econometrics, providing a flexible framework for
capturing serial dependence in stationary stochastic processes. Formally, an ARMA(p, q)
model is defined as

p q
Yo =p+ Z Pjyi—j + Z Ojue—j + us,
i=1 =1

where {u;} is a white noise process with zero mean and constant variance o2. The AR
component of order p captures linear dependence on past observations, while the MA com-
ponent of order ¢ accounts for dependence on past innovations. Stationarity and invertibility
conditions, expressed in terms of the roots of the AR and MA polynomials, ensure that the
process is well-defined and that parameters are uniquely identified. Related developments
for periodic conditional heteroscedastic models can be found in [30].

Classical estimation of ARMA models is typically performed by maximum likelihood,
although least squares and conditional sum of squares estimators are also used in prac-
tice. The Gaussian likelihood is particularly convenient, yielding efficient estimators under
normally distributed innovations and consistent, asymptotically normal estimators under
more general conditions. Model order selection is guided by information criteria such as the
Akaike information criterion (AIC) and the Bayesian information criterion (BIC), which
balance in-sample fit with parsimony.

In the Bayesian framework, prior distributions are specified for the parameter vectors ¢ =
(1,---50p) ", @ = (01,...,0,)7, and the variance o2. Common choices include Gaussian
priors for the AR and MA coefficients, constrained to satisfy stationarity and invertibility,
with inverse-gamma or Jeffreys priors for o2. Given the observed data Y = (y1,...,yr)"
inference proceeds by evaluating the posterior distribution defined as

I

p(,0.0% | Y) o L(Y | ¢,0,0°) p() p(8) p(o?),

where L denotes the likelihood implied by the ARMA model. Because this posterior dis-
tribution is generally intractable, simulation-based methods such as Markov Chain Monte
Carlo are employed. Gibbs sampling and Metropolis—Hastings algorithms are standard ap-
proaches, with tailored proposal mechanisms used to enforce stationarity and invertibility.
The Bayesian formulation offers several advantages over classical maximum likelihood
estimation. First, it delivers full posterior distributions of parameters, allowing for direct
probabilistic statements about uncertainty rather than relying solely on asymptotic approx-
imations. Second, Bayesian model comparison can be performed via marginal likelihoods or
Bayes factors, offering an alternative to information-criteria-based selection. Lastly, poste-
rior predictive distributions naturally extend the framework to forecasting, producing not
only point forecasts but also predictive densities that incorporate parameter uncertainty.
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6. SIMULATION STUDY

Suppose we observe a time series {z1,...,Z,} and consider two competing models, My and
M, fitted to these data. Given a forecast observation y, we compute the predictive ratio r
to determine which model provides the better forecast. Specifically, if < 1, model My is
favored, whereas if » > 1, model M; is favored.

To construct concentration functions, we simulate N replications of time series
{z1,29,...,2p};, for i = 1,..., N, from a neutral model M*. For each replication, the
first two-thirds of the sample are used for training, while the remaining third is reserved
for forecast evaluation. Using a rolling-origin forecast procedure, we fit My and My sequen-
tially at each origin ¢t and compute the predictive ratio r; at y = x441. This results in a
matrix of predictive ratios of dimension (n — [2n/3]|) x N, where T' = |2n/3], and entry
(4,7) represents the ratio r; ; for the forecast y = x74; in replication j.

Following [31], we express the ratios as ry = pr/qr, K = 1,...,n — T, where p =
(p1,---yPn—7) and ¢ = (q1, - . ., gn—7) denote the predictive densities under M; and My, re-
spectively, for the outcomes y;, = x74. Normalizing to form discrete probability measures
over the forecast points, we define

= = = — B
= T > = T
> iy Di S a

For each replication j, we treat ¢ as the reference distribution and measure the divergence
of p from q.

To construct the concentration function, we rank the outcomes by increasing values of ry,
thereby ordering them from those where M assigns substantially less probability mass than
My to those where it assigns more. Denoting the reordered outcomes as y(1), ..., Ymn-1),
with corresponding reordered probabilities p(y),...,Dm—7) and gy, .., Gn-7), we define
cumulative sums as

k k
Pe=) Bw, Q=Y dsy P=Qu=0.
=1 =1

The concentration curve of II; relative to Ily is the polygonal line joining given by

(0,0) = (Qu, P1) — -+ = (1,1),

with consecutive points connected by line segments. These constructions yield convex,
nondecreasing functions from (0,0) to (1,1). This framework enables direct comparison of
My and M in terms of predictive performance, highlighting which model achieves a closer
fit to the observed forecasts.

Classical inequality measures extend naturally to this predictive setting. The Pietra index
and the Gini concentration coefficient become

n—T
Py 1+ P
O, (1) = max(Qk — Py), G, (M) =1 -2 > L

2
k=1

(Qr — Qr—-1), (2)

respectively. Smaller values of these indices indicate closer agreement between the predictive
distributions, whereas larger values reflect greater divergence.

Next, we compare the AR(1) model versus the MA(1) model. We consider N = 100
replications of n = 100 observations {x;} generated from the data-generating process

M*: ARMA(L 1), zr = 0.2x¢_1 + 0.5us_1 + uy.
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For each replication, the sample of length 100 is divided into two parts: the first two-
thirds (7" = |2n/3| = 66) are used as the training set, while the last third is reserved for
forecast evaluation using a rolling-origin procedure. At each forecast origin ¢, two competing
models are estimated: My, an AR(1) model, and M, an MA(1) model. Forecasts are then
generated for y = x4, iterating until the full evaluation window is exhausted.

Posterior inference is carried out separately for both models using Hamiltonian Monte
Carlo with 15,000 iterations, of which 7,500 are discarded as warm-up. Let M denote the
number of posterior draws, producing two sets of posterior samples,

o, oM for My, 6D, 0 for My

For each forecast point y = x441 with ¢t = T,...,n—1, the predictive densities po(y | 1)
and pi(y | x1.t) are approximated via posterior predictive averaging as in (1). Repeating
this process across all replications 7 = 1,..., N yields, for each replication, a sequence of
predictive ratios 71 j,...,r,—1 . For each j, these ratios are then used to construct a con-
centration function, resulting in a collection of concentration curves across the simulation
study.

Figure 2 displays the mean concentration functions for both models. Panel (a) compares
the concentration function of each model with respect to the uniform distribution. The
concentration curve of My lies closer to the diagonal line y = x than that of M7, indicating
that the AR(1) model exhibits less inequality in predictive allocation. In predictive terms,
this implies that My provides systematically better forecasts for y = x4 across replica-
tions. Since the data were generated from an ARMA(1,1) process, these results suggest that
AR(1) captures the dominant predictive structure more effectively than MA(1). The figure
also includes 95% credible intervals, computed from the 2.5% and 97.5% quantiles across
simulations. In the vast majority of cases, the concentration function of My dominates that
of Ml.

o 4 o . ’
- 7] _— MO: AR(1) - 7] Concentration M1 vs MO .
_— M1: MA(1) g | === Equality line e
—————— Equality line , e
L
® ® .
<l ~ o 7] ,
=) ’
< d
123
g 2 .’
€ < ’
g o | z o] -’
=1 o [} o 4
L ° .
8 - .
Iy %] 4
(<] g ,,
R E < | .
£ s g .
E 5 .
3
O £ L7
o O o | .7
o o ’
.
.
4
.
.
.
o o | -
o o 4
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Cumulative share of forecast points Cumulative mass under MO: AR(1)

Figure 2.: Comparison of concentration functions between AR(1) and MA(1). Panel (a):
concentration function of each model with respect to the uniform distribution. Panel (b):
concentration function of MA(1) relative to AR(1).
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Panel (b) of Figure 2 shows the concentration function of Mj relative to My. The curve
is constructed by joining the points (0,0), (Q1, P1),...,(1,1), with the line y = z shown
for reference. When the two models exhibit similar predictive behavior, their concentration
functions lie close to the diagonal. Conversely, the farther the curve lies below the diagonal,
the stronger the evidence in favor of My relative to Mj.

For further comparison, inequality measures were computed for each replication. Specif-
ically, the Pietra index and the Gini concentration coefficient were calculated from the
concentration functions, yielding a distribution of indices for each model. Figure 3 shows
the histograms of both indices. On average, the indices are systematically lower for the
AR(1) model than for the MA(1) model, consistent with the graphical evidence from the
concentration functions.

Pietra index (simulation) Gini coefficient (simulation)

— @ MO: AR(1) @ MO: AR(1)
— T M1: MA(L) S - T M1: MA(L)

20
|

15
1
|

20
1

Frequency
Frequency
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10
1

10
1

B :

I T T T T T 1 I T T 1
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.2 0.3 0.4 0.5

Pietra Gini

Figure 3.: Histograms of the Pietra index and the Gini concentration coefficient for AR(1)
and MA(1) models.

To assess consistency with standard predictive criteria, we also computed the negative
log predictive density (NLPD). Table 1 summarizes the average values across replications.
For the Pietra index, the Gini concentration coefficient, and the NLPD, smaller values
indicate a better fit. The results confirm consistency across all criteria: the AR(1) model
is systematically favored.

Table 1.: Comparison of indices for My: AR(1) and M;: MA(1)

Model Pietra index Gini concentration coefficient NLPD
My: AR(1) 0.157 0.204 0.540
Mi: MA(1) 0.284 0.359 1.189

Table 2 reports the agreement rates between the concentration-function-based decision
and the standard criteria. Note that the Pietra index, the Gini concentration coefficient,
and the NLPD all agree 100 percent of the time in favor of the AR(1) model. This provides
strong evidence that the concentration function is consistent with established predictive cri-
teria, while also offering an intuitive, distributional perspective on predictive performance.
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Table 2.: Agreement rates between the concentration-function-based decision and standard
criteria

Pietra index Gini concentration coefficient NLPD
M, better than My 100% 100% 100%

7. REAL DATA APPLICATION: U.S. NATURAL GAS PRICES

We illustrate the use of the concentration function by analyzing a publicly available dataset
of average U.S. natural gas industrial prices (measured in dollars per thousand cubic
feet) obtained from the Energy Information Administration. The sample covers the pe-
riod 2010M01-2025M06, for a total of 186 monthly observations. The data are available
from the U.S. Energy Information Administration website.

To build the concentration function, we proceed as follows. First, we fit the com-
plete dataset using the function auto.sarima from the R package bayesforecast, which
automatically selects the best SARIMA model in a Bayesian framework. Specifically,
auto.sarima chooses the optimal specification according to the Bayesian Information Cri-
terion (BIC), which is the default model selection criterion in the package, and then es-
timates the model via Hamiltonian Monte Carlo using default SARIMA priors. For the
autoregressive and moving-average coefficients, we use truncated normal priors with base-
line distribution N(0,0.5), restricted to the parameter region that satisfies the stationarity
and invertibility conditions. This automatic procedure provides an initial benchmark model
for Bayesian analysis.

Next, we split the sample into an initial two-thirds training set (|2n/3| = 124 observa-
tions) and a final one-third evaluation set. Using a rolling-origin scheme, we estimate and
compare two models at each step:

e My — The model proposed by auto.sarima (an AR(1));
e M — An alternative ARMA specification.

At each iteration t, we expand the training sample by adding one new observation x
and re-estimate both models. Forecast evaluation is based on the next-period realization
y = x441. For each forecast, we compute the predictive likelihood ratio and update the
concentration function. Repeating this procedure until the full sample is used yields a
complete concentration curve for each model comparison.

For the complete dataset, auto.sarima selects an AR(1) model as the best specifica-
tion. Figure 4 displays the concentration functions comparing Mjy: AR(1) against various
alternatives.

When comparing AR(1) with AR(2) or AR(3), the concentration functions are nearly
indistinguishable from one another, with curves that lie very close to the 45-degree diagonal
line. This indicates that their predictive performances are almost identical. This result is
expected, since the reference model selected was an AR(1); the higher-order autoregressions
essentially overfit but still capture the same dynamics. In contrast, differences become
more pronounced when AR(1) is compared with ARMA(1,1), ARMA(1,2), ARMA(2,1), or
MA(1). In these cases, the concentration functions diverge more clearly, indicating inferior
predictive performance relative to AR(1).

Table 3 summarizes additional fit metrics for the competing models, including the Pietra
index, the Gini concentration coefficient, the negative log predictive density (NLPD), the
continuous ranked probability score (CRPS), and the marginal log-likelihood. For the Pietra
index, the Gini concentration coefficient, the NLPD, and the CRPS, smaller values indicate
a better fit, whereas for the marginal log-likelihood, larger values indicate a better fit.
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Figure 4.: Concentration functions comparing My: AR(1) with alternative ARMA models
(My): (a) AR(2), (b) ARMA(1,1), (¢) ARMA(1,2), (d) ARMA(2,1), (e) MA(1), and (f)
AR(3).

The results confirm that AR(1) provides the best overall fit, with AR(2) and AR(3)
yielding very similar measures, while the alternative ARMA and MA specifications per-
form substantially worse. It is worth noting that, according to the marginal log-likelihood
criterion, the ARMA(1,2) and ARMA(2,1) model outperforms the AR(1) specification.
However, this superiority is limited to that particular criterion, as the AR(1) model ex-
hibits a better fit according to the remaining evaluation measures. A plausible explanation
is that, since the marginal log-likelihood is estimated rather than computed exactly, the
use of the simplified version shifted gamma estimator proposed in [32] may introduce in-
stability. Alternative estimation approaches, such as the bridge sampling method proposed
in [33] or thermodynamic integration [34], could also be used to estimate the marginal

likelihood.

Table 3.: Pietra index, Gini concentration coefficient, NLPD, CRPS, and marginal log-
likelihood for ARMA models

Model Pietra index Gini concentration coefficient NLPD CRPS Marginal log-likelihood
My: AR(1) 0.188 0.252 1.785  0.569 -190.27
M;: AR(2) 0.192 0.256 1.814  0.582 -191.67
Ms: ARMA(1,1) 0.264 0.345 2.141  0.712 -189.73
Ms: ARMA(1,2) 0.382 0.479 3.920 1.210 -184.49
My: ARMA(2,1) 0.397 0.491 3.0567  1.111 -185.38
Ms: MA(1) 0.468 0.583 5.214  1.672 -201.94
Mg: AR(3) 0.197 0.261 1.828  0.589 -193.42

The Pietra index and the Gini concentration coefficient reported in Table 3 are computed

with respect to the reference line y = x. Given that the model My: AR(1) demonstrates
superior predictive performance relative to the other specifications, the measures defined
in (2) can be used to compute the Pietra index and the Gini concentration coefficient
of the competing models M, ..., Mg relative to My. Table 4 presents these coefficients.
The results are consistent with those reported in Table 3, reinforcing the comparative
conclusions previously discussed.
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Table 4.: Pietra index and Gini concentration coefficient of models M, ..., Mg relative to
model My: AR(1)

Model Pietra index Gini concentration coefficient
M;i: AR(2) 0.0135 0.0191
Msy: ARMA(1,1) 0.1460 0.1824
Ms: ARMA(1,2) 0.2873 0.3504
My: ARMA(2,1) 0.2897 0.3594
Ms: MA(1) 0.3728 0.4921
Msg: AR(3) 0.0248 0.0356

The concentration function proves to be a powerful diagnostic tool for comparing the
predictive performance of competing time series models. It offers an intuitive, visual method
that complements more traditional information criteria and Bayesian measures such as the
NLPD, the CRPS, and marginal likelihoods. Importantly, it can be computed directly from
posterior samples, making it especially suitable in Bayesian settings.

8. CONCLUSIONS

The concentration function can be applied to compare predictive distributions across com-
peting models. A model that provides superior predictive performance yields a concentra-
tion function that lies closer to the line of equality (y = ), while a model with poorer
predictive fit generates a concentration function that lies farther below this line. This visual
and quantitative comparison allows for an intuitive assessment of predictive adequacy.

In a Bayesian context, the concentration function serves as a useful measure of model
fit. It can be complemented with inequality-based indices such as the Pietra index and
the Gini concentration coefficient, which quantify the degree of deviation from the line of
equality. These measures can be readily computed from predictive distributions by lever-
aging posterior samples of the model parameters obtained through Markov Chain Monte
Carlo methods.

The concentration function and its associated indices provide an alternative framework
for model evaluation that complements traditional Bayesian criteria, such as the NLPD, the
CRPS, marginal likelihoods, and Bayes factors. This approach highlights the distributional
properties of predictive performance and offers a flexible, simulation-based tool for model
comparison.

Future research should apply the concentration function to broader model classes, in-
cluding stochastic volatility and GARCH-type models, heavy-tailed innovations, nonlinear
autoregressive or threshold models, structural-break and regime-switching models. This
would test the robustness and generality of the measure beyond ARMA dynamics.
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