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Abstract

We study early warning of short-horizon volatility spikes by combining three comple-
mentary blocks of information: functional data analysis summaries based on functional
principal component analysis scores and derivative norms, multi-scale topological data
analysis descriptors derived from persistent homology, and heterogeneous autoregressive
lagged-volatility features. All models are trained under a strict chronological design, with
operating thresholds pre-specified from out-of-fold scores to ensure that model selection
and evaluation remain separate. Statistical significance is assessed using paired DeLong
tests for the receiver operating characteristic area under the curve and is complemented
by a calendar block bootstrap that more directly accounts for temporal dependence in
the scores. Across four large-capitalization equities (INTC, COP, NVDA, DIS), the com-
bined specification (BOTH, defined as functional data analysis features plus topological
data analysis features plus heterogeneous autoregressive features) generally outperforms
the functional data analysis-only and topological data analysis-only baselines in receiver
operating characteristic area under the curve and precision—recall area under the curve,
and improves their probabilistic accuracy and calibration while remaining competitive
with a heterogeneous autoregressive-only gradient-boosted tree benchmark. In a regime-
switching generalized autoregressive conditional heteroskedasticity stress experiment, a
heterogeneous autoregressive-based gradient-boosted tree model attains the highest dis-
crimination, illustrating that the empirical gains from combining functional and topo-
logical information are not guaranteed when the data-generating mechanism is close to a
low-dimensional lag-volatility structure. Methodologically, we propose a time-respecting
method that integrates functional and topological geometry with paired inference under
temporal dependence. Practically, we provide a reproducible script for early warning
and for monitoring short-run volatility stress.
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1. INTRODUCTION

Short-horizon volatility spikes materially affect trading and risk management: they amplify
execution costs and slippage, tighten or widen spreads, and trigger rapid adjustments in
inventory, margins, and hedges for dealers, market makers, and clearing members alike.

Traditional conditional-variance and realized volatility (RV) frameworks provide tools
for measurement and forecasting, yet the sharp, nonlinear, and time-varying patterns that
accompany regime breaks often escape single-family representations [1, 2]. Our working
premise is that short-horizon spike risk is inherently dual: it is at once a problem of func-
tional shape—the local level, slope, and curvature of recent return paths—and of state-space
geometry—the multi-scale connectivity and loop structure induced by the dynamics.

To address this, we jointly exploit two complementary feature families. From rolling
windows of returns we extract functional summaries based on functional principal com-
ponent analysis (FPCA) scores and discrete L? norms of first and second differences that
encode smooth aspects of the path. In parallel, we construct topological summaries from
delay-embedded absolute returns via persistent homology (PH), using Vietoris—Rips (VR)
filtrations to characterize loop richness and multi-scale connectivity in the reconstructed
state space [3, 4, 5, 6]. Stability results for persistence diagrams imply that small per-
turbations of the underlying paths lead to small changes in the associated diagrams, and
in practice the scalar summaries we extract tend to be robust to moderate measurement
noise. We then combine the functional and topological blocks—augmented with simple het-
erogeneous autoregressive (HAR) lags of volatility proxies—within a random forest (RF)
classifier, which captures nonlinear interactions without imposing a parametric functional
form [7].

We study whether an integrated feature set, denoted BOTH, that concatenates functional
data analysis (FDA) features, topological data analysis (TDA) features, and HAR lags
improves discrimination and decision quality relative to FDA-only and TDA-only baselines
under time-aware validation on liquid single-name equities. In particular, we ask whether
BOTH delivers higher receiver operating characteristic area under the curve (ROC-AUC)
and precision-recall area under the curve (PR-AUC), and better-calibrated probabilities,
when models are trained and tested under a strict chronological split.

We consider four liquid United States equities (INTC, COP, NVDA, DIS) over 2010—
2024 and construct rolling, overlapping windows of daily log returns. For each window
we compute FDA features (FPCA scores and derivative-based roughness measures) and
TDA features (such as Betti-1 intensity, total persistence, and persistence entropy) from
VR filtrations of the delay-embedded series [8, 9]. Models are trained and evaluated
under strict chronology (train — calibration — test), with all preprocessing steps, feature
transformations, and probability thresholds estimated on the training split and then
applied forward in time. We report ROC-AUC and PR-AUC, summarize operating points
via precision, recall, and F1 at pre-specified thresholds, and assess ROC-AUC differences
using paired DeLong tests with calendar block-bootstrap contrasts [10]. Probability
calibration is evaluated using the Brier score and expected calibration error (ECE). Lower
values of both metrics indicate better alignment between predicted probabilities and
observed spike frequencies; ECE is computed from By;, = 10 equal-frequency bins whose
cutpoints are defined once on the out-of-fold training probabilities and then kept fixed
across models and on the test set. This article makes the following four contributions:

(i) We develop a compact, reproducible method that jointly leverages functional shape
and topological geometry, with HAR-style volatility lags to encode short-memory
structure. The feature construction is explicitly time-ordered and uses training-only
winsorization, scaling, and embedding choices, which are then frozen and applied to
later folds and to the test set.
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(ii) We pair rolling-origin model selection with a strict, non-leaky train—calibration—test
design, and we report both ranking metrics (ROC-AUC, PR-AUC) and probabilistic
accuracy and calibration metrics (Brier score, ECE). This design emphasizes de-
cision relevance under pronounced class imbalance and time-varying spike prevalence.

(iii) We complement DeLong’s paired ROC-AUC tests with block-bootstrap contrasts
that explicitly acknowledge serial dependence and overlapping windows. This dual
approach yields a more realistic assessment of uncertainty for financial return series,
where independent and identically distributed assumptions are rarely tenable.

(iv) On INTC, COP, NVDA, and DIS, the integrated specification BOTH typically
achieves higher ROC-AUC and PR-AUC than the FDA-only and TDA-only base-
lines and offers better probability calibration. Relative to the HAR-only XGBoost
benchmark, BOTH is clearly ahead on COP, roughly on par on NVDA, and some-
what behind on INTC and DIS, underscoring that the relative ranking of the two
nonlinear approaches is asset-dependent and that calibration diagnostics should be
interpreted alongside ranking metrics for downstream risk-based decisions.

The remainder of this article is organized as follows. Section 2 formalizes the prediction
target, feature construction (FDA/TDA/HAR), learning objective, and time-aware infer-
ence procedures. In Section 3, we detail the empirical universe, preprocessing rules, window
and label construction, and the cross-validation protocol. In Section 4, the main empirical
findings are presented, including discrimination, paired ROC-AUC comparisons, calibra-
tion diagnostics, and cross-validation summaries. Section 5 reports a controlled stress exper-
iment based on a regime-switching generalized autoregressive conditional heteroskedasticity
(GARCH) data-generating process that mirrors volatility clustering and regime shifts. In
Section 6, we combine discussion and conclusion, drawing out operational implications,
limitations, and avenues for future work.

2. METHODOLOGY

This section formalizes the prediction target, feature construction based on FDA, TDA, and
heterogeneous autoregressive (HAR) features, model families, time-aware validation, and
statistical inference. The overarching principle is strict chronological design: all transfor-
mations and thresholds are pre-specified on the training split and then applied unchanged
to later folds and the test set, preventing any form of look-ahead leakage.

2.1 Related work

Realized volatility (RV) offers a consistent nonparametric benchmark for integrated volatil-
ity and underpins much of the modern literature on volatility measurement and forecasting
[1, 2]. In parallel, heavy-tailed parametric models for financial returns, including alpha-
stable specifications, provide flexible tools for capturing tail risk [11]. In our empirical
setting we work with a lower-frequency proxy based on averages of absolute daily returns,
rather than the high-frequency realized variance used in these references. Periodic and
regime-dependent forms of conditional heteroskedasticity have also been shown to improve
volatility modelling in settings with structural variation over time [12].

FDA treats trajectories as smooth curves and summarizes their shape via FPCA and
derivative norms. Expositions and finance-adjacent applications are given in [13, 14|, with
functional forecasting exemplars in [15, 16, 17]. Recent FDA developments also highlight
the benefits of nonparametric functional regression for time-dependent predictive tasks,
including in economic and financial applications [18]. Complementary robust multivariate
procedures based on projection-type ideas have also been proposed; see, for example, [19]
for a Stahel-Donoho estimator built from skewness-based random projection directions.
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On the topological side, delay embedding reconstructs dynamical systems under broad
conditions [3, 4]. PH then summarizes multi-scale connectivity and loop structure with
stability guarantees [5, 6], and mature software ecosystems such as Ripser, GUDHI, and
giotto-tda have made these methods computationally accessible [20, 21, 22, 23]. To turn
persistence diagrams into finite-dimensional feature vectors, persistence landscapes, persis-
tence images, and kernel-based constructions are standard approaches [24, 25, 26, 27, 28].
Empirically, TDA indicators have shown early-warning potential around extreme events
in financial markets and macro-financial systems [29, 30]. Within this toolbox, we focus
on scalar summaries such as Betti-1 intensity, total persistence, and persistence entropy
because they are computationally light, empirically stable to small perturbations, and
interpretable as measures of loop richness and multi-scale topological energy, providing
complementary signal to smooth functional shape descriptors.

From an evaluation perspective, pronounced class imbalance and time-varying spike
prevalence call for metrics beyond ROC-AUC alone. PR-AUC and the F1 score directly
reflect decision quality when the positive class is rare or shifting, whereas ROC-AUC pri-
marily measures ranking performance. For formal pairwise discrimination comparisons we
rely on paired DelLong tests based on common evaluation dates, and we complement these
with calendar block-bootstrap contrasts that explicitly acknowledge temporal dependence
and overlapping windows |10, 31, 32|. Given the pronounced and time-varying spike preva-
lence documented in Table 2, we report both ranking metrics (ROC-AUC) and precision—
recall measures (PR-AUC and F1), which are sensitive to class imbalance. We complement
these with probabilistic accuracy and calibration metrics such as the Brier score and ECE,
providing a fuller assessment of spike-risk forecasts across different prevalence regimes and
operating points.

2.2 Problem and target

We work with daily adjusted closing prices {P;} for a given asset. Daily log returns are
defined by r; = log(P;) — log(P;—1), which provide a standard, scale-invariant proxy for
percentage moves. To construct predictors that reflect recent path behavior, we use over-
lapping windows of fixed length W = 60 trading days and write X; = (r;i—w41,...,7;) for
the ith window. This representation ensures that only information available up to day ¢ is
used for forecasting.

The prediction target is a short-horizon volatility spike indicator. As a forward-looking
volatility proxy, we use the K-day mean absolute return over the subsequent period (K = 5)
expressed as RV, i1k = (1/K) Z]K:1 |7i4j|, which captures the average level of realized
volatility in the next trading week. Following the realized volatility literature we denote
this proxy by RV, but note that, unlike high-frequency realized variance based on intraday
squared returns [1, 2], it is a low-frequency average of absolute daily returns. Spike labels
are defined on the training period by a train-only quantile rule as ¥; = 1{RV,; i+ x >
Quantileg 7, (RVtrain)}, so that the 70th percentile of the training distribution marks the
onset of a volatility spike. This choice produces a nontrivial yet imbalanced classification
problem and is fixed once and for all on the training split; class prevalence on the test set
is therefore an outcome of the data rather than a design choice, which is important for
assessing robustness under distributional drift.

Winsorization of returns uses the training quantiles (go.01, go.99) to mitigate the influence
of extreme outliers while retaining heavy-tailed behavior. All centering and scaling param-
eters, principal component loadings, embedding delays, and filtration scales are fitted on
the training split and then applied unchanged to subsequent folds and to the test set. This
emulates a realistic forecasting environment in which model components are frozen once
deployed.
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2.3 Feature engineering

For each window X;, we construct a feature vector z; € RP that combines functional
summaries of the recent path, topological information about the reconstructed state space,
and simple lag-volatility cues ¢rpa: X; — RP/, ¢rpa: X; — RPt, daar: X; — R3, and 2 =
(¢rpA(X5), DA (X)), drar(X;)). This construction is designed to capture complementary
aspects of spike risk: smooth path shape, nonlinear geometric structure, and low-frequency
volatility dynamics.

On the training window matrix (rows: windows; columns: within-window time indices),
we perform global principal component analysis and retain the first four scores, denoted
fscorel-fscored. These FPCA scores summarize the dominant modes of variation in
recent return trajectories and can be interpreted as low-dimensional coordinates of path
shape (level, slope, and curvature components). To further quantify within-window rough-
ness and curvature, we compute discrete L? norms of first and second differences stated as
IAX[l2 = (3, (@ — 20-1)2)Y? and [|A2X |2 = (3 520 — 2241 + 31-2)*)Y/?, where z
denotes the tth return within window X;. Large values of ||[AX;||2 and |A2X;]|2 indicate
more jagged and locally curved paths, which are natural precursors of turbulence.

Standardization based on z-scores is fitted on the training split (for all FDA features) and
applied forward in time. This keeps the scale of features stable and avoids contaminating
standardization with information from the test period.

While FDA captures smooth shape, it does not directly encode the geometry of the
underlying dynamics. To this end, we use delay embedding of the absolute returns |r;| with
embedding dimension m = 3. The delay 7 is chosen on the training data as the first local
minimum of the autocorrelation function of |ry|, a traditional choice to avoid redundant
coordinates while preserving dynamical information. The resulting point cloud in R? is
given by (y¢, Yi—r, Yt—2r), which reconstructs the local state space geometry under mild
conditions.

On this cloud, we run a VR filtration on an equispaced grid of 40 radius levels over
e € (0,emax), With epax = 0.6 x median{||z, — xp||2: @ < b}, being computed on the
embedded cloud in the training split. This choice of e, scales the filtration to the typical
inter-point distances observed in the data and avoids numerically degenerate regimes with
either no connectivity or a fully connected complex.

From the resulting persistence diagrams, we extract scalar summaries TI({ll), Tl(i), TI(;O),
and Fpers, B1, Piot, where TI({ll) and TJEIQ] ) denote the largest and second-largest lifetimes in

homology group Hi, TI(;O) is the largest lifetime in Hy, Epers = — >, pi log(p;) is persistence
entropy based on normalized lifetimes p;, By summarizes Betti-1 intensity (loop richness),
and Pyot = ), ¢; is total persistence (a multi-scale measure of topological energy). These
statistics are designed to be computationally light, stable to small perturbations, and in-
terpretable in terms of regime geometry. The 40-level VR grid provides a practical balance
between empirical stability of these summaries and computational cost in rolling evalua-
tions. All embedding and winsorization settings are reported in Table 1.

Table 1.: Embedding and winsorization summary

Asset

m 7 Lower bound Upper bound Spike threshold
INTC 3 5 —0.0453001 0.0479312 0.0134972
COP 3 2 —0.0555492 0.0521633 0.0149908
NVDA 3 6 —0.0692662 0.0700310 0.0205731
DIS 3 5 —0.0415187 0.0422795 0.0109688
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To encode coarse volatility memory, we include HAR-type averages of |r¢|: a short (5-
) (w)

, an intermediate (22-day) average h, ', and a longer (66-day) average

day) average hl(-d
hz(»m). These three scales provide a simple weekly, monthly, and quarterly-style multi-scale
structure inspired by heterogeneous autoregressive models [33], but they are not an exact
implementation of the original daily, weekly, and monthly HAR realized volatility specifi-
cation. We benchmark three main feature sets: FDA, TDA, and the combined specification

BOTH introduced in Section 1, which concatenates all feature blocks plus HAR lags.

2.4 Learning objective, tuning, and operating points

Given features z; and labels Y; € {0,1}, the learning objective is to approximate the
conditional spike probability P(Y; = 1 | z;) and to derive decision rules with desirable
discrimination and calibration properties.

The main classifier is an RF [7], chosen for its ability to capture nonlinear interactions and
heterogeneous effects without strong parametric assumptions and for its robustness under
moderately high-dimensional feature sets. We use rolling-origin five-fold cross-validation
(CV) with ROC-AUC as the selection criterion. Hyperparameters are restricted to a low-
dimensional pre-specified grid of mtry values given by mtry € {[\/p], |p/3], |p/2]}, with
each candidate truncated below at one, where p is the dimensionality of the feature set under
consideration. All remaining RF hyperparameters are held fixed across assets and feature
families: forests are fitted with B = 500 trees and nodesize= 10 during cross-validation,
and then refitted with B = 1000 trees and the same node size on the full training split.
For each model family, the value of mtry that maximizes mean cross-validated ROC-AUC
across the five folds is selected and then held fixed when refitting on the full training
segment and when constructing out-of-fold (OOF) probabilities for threshold selection.

Operating thresholds are determined only from OOF probabilities and then frozen prior
to any test-set evaluation. We consider two scalar targets defined as

Youden J(r) = TPR(7) + TNR(7) -1,  Fi(r) =2 < Prec(r) Rec(r) ) |

Prec(7) + Rec(7)

where TPR denotes the true positive rate, TNR the true negative rate, Prec precision, and
Rec recall. We select the Youden-J-optimal and Fij-optimal thresholds on the OOF scores.
Using OOF scores ensures that threshold selection is based on data not used for fitting
the corresponding trees, which protects against overfitting at the decision-rule level. For
deployment, we treat the Fi-optimal OOF threshold as a single, pre-specified policy level
targeting a balanced precision—recall trade-off; alternative operating points can be obtained
from the same calibration split without retraining.

2.5 Time-aware validation and leakage controls

Financial time series exhibit serial dependence, structural breaks, and distributional drift.
Randomly shuffling observations across time would therefore yield overly optimistic per-
formance estimates and leak future information into the training process. To avoid this, all
validation procedures respect calendar order.

All transformations and thresholds introduced in Sections 2.2 and 2.3 are always fitted
using only past data. Within each cross-validation fold, they are estimated on the training
block of that fold and then applied unchanged to the immediately subsequent validation
block, preserving temporal causality. After cross-validation has selected the hyperparam-
eters, we refit all transformations and models on the full training segment; these fitted
objects are then frozen and applied unchanged to the test set.
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Cross-validation folds follow a rolling-origin design: each fold trains on an initial seg-
ment of the series and validates on the immediately subsequent block, mimicking repeated
train-then-deploy cycles. Predictions from competing models are aligned on identical dates,
enabling valid paired comparisons and ensuring that differences between models are not
confounded with differences in sample periods. Because overlapping windows induce se-
rial dependence in the evaluation scores, uncertainty quantification in the next subsec-
tions combines standard DeLong approximations for ROC-AUC with time-aware calendar
block-bootstrap procedures for PR-AUC and paired ROC-AUC differences, so as to bet-
ter account for temporal dependence than purely independent and identically distributed
resampling.

2.6 Fvaluation metrics and statistical inference

We evaluate models along three axes: discrimination, decision quality under imbalance, and
probability calibration. The primary discrimination metric is ROC-AUC, which measures
the ability of a model to correctly rank spike and non-spike windows across all thresholds.
Confidence intervals for ROC-AUC are obtained using the DeLong estimator, and paired
model contrasts employ DeLong tests on the same instances [10], under the working ap-
proximation that evaluation windows are sufficiently weakly dependent for the standard
independent and identically distributed-based variance formulas to provide a useful guide.

ROC-AUC can be insensitive to class imbalance and to the quality of predictions in
high-risk regions. We therefore complement ROC-AUC with PR-AUC and threshold-based
metrics (accuracy, precision, recall, and F1) evaluated at the pre-specified Youden-J and
Fy operating points. Confidence intervals for PR-AUC are constructed via a calendar block
bootstrap with block length B = 20 trading days and B* = 500 resamples, which respects
temporal dependence and class clustering. Overall probabilistic accuracy and calibration
are assessed via the Brier score and ECE formulated as

n Bin
1
Brier = - Z(ﬁz — i), ECE = Z % | acc(b) — conf(b)|.

i=1 b=1

Lower values of the Brier score indicate better average probabilistic accuracy, and lower
ECE indicates better alignment between predicted probabilities and observed frequencies.
We construct By, = 10 equal-frequency probability bins from the OOF training probabil-
ities and keep their cutpoints fixed across models and on the test set. Calibration curves,
Brier scores, and ECE are then computed on the test set using these shared bin boundaries,
ensuring fair and comparable calibration diagnostics that are not tuned ex post to any sin-
gle model. When multiple pairwise ROC-AUC comparisons are reported, we present the
raw p-values from DeLong tests and from the calendar block bootstrap and interpret them
descriptively, focusing on effect sizes and consistency across assets rather than on strict
accept-reject decisions.

2.7 Paired testing and bootstrap design

All pairwise tests are paired on common evaluation dates so that model comparisons exploit
the same underlying realizations and differences are not driven by sample composition. For
ROC-AUC, paired DeLong tests directly account for the correlation between model scores
on the same instances.

For PR-AUC, analytical variance formulas are less tractable under dependence, so we
resort to the calendar block bootstrap described in Section 2.6. The test index is partitioned
into consecutive, non-overlapping blocks; each bootstrap replicate resamples these blocks
with replacement to form a pseudo-series on which PR-AUC is recomputed.
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The same bootstrap resamples are used across models to induce common shocks and sta-
bilize paired differences, yielding more reliable contrasts than independent resampling. This
design aims to better accommodate dependence arising from both overlapping windows and
volatility clustering than a bootstrap based on independent and identically distributed re-
sampling.

2.8 Assumptions and robustness safequards

The methodology rests on the following working assumptions and safeguards:

e Temporal causality —Model fitting, feature construction, and threshold selection use
only past data; no future information enters at any stage.

e Dependence —Overlapping windows and volatility clustering induce serial correlation;
inference combines standard DelLong approximations for ROC-AUC with block-based
resampling for PR-AUC and paired ROC-AUC differences, in order to reduce sensitivity
to strict independent and identically distributed assumptions.

e Alignment —Score vectors from different models are aligned by date to permit valid
paired testing and to ensure that differences reflect model performance rather than sam-
ple variation.

e Label stability -The 70th-percentile spike threshold is fixed on the training split and
not re-estimated on the test set, avoiding label drift and facilitating interpretation of
prevalence shifts.

e Sensitivity —Results are examined across RF mtry values {|\/p], |p/3], [p/2]}, with
each value truncated below at one; the winning specification is consistent across CV
folds and across assets, supporting the robustness of the chosen hyperparameters.

2.9 End-to-end protocol

For clarity and reproducibility, the end-to-end procedure from raw prices to final evaluation
can be summarized as follows:

(i) Preprocess (train) —Winsorize returns at training quantiles (qo.01, 90.99); fit centering
and scaling transformations; align the trading calendar across assets.

(ii) Label (train) —Construct windows X; and define spike labels as Y; =
1{RViﬁi+5 >Quantile) ;o (RVirain) }-

(iii) FDA (train) —Perform global principal component analysis on the window matrix;
extract fscorel-fscore4; compute ||AX;|2 and ||A%X;||2; fit standardization param-
eters on the FDA feature block.

(iv) TDA (train) —Set 7 to the first local minimum of the autocorrelation function of
|r¢|; embed with m = 3; choose emax = 0.6 times the median pairwise distance
in the embedded cloud; run a Vietoris—Rips filtration with 40 radius levels; extract

{T () T T( ) EpersyBlaptot}
(v) HAR (tram) —Compute the HAR-type averages hgd), h(w), and hz(m) from |r¢| to

encode short-, intermediate-, and longer-horizon lag—volatizlity information.

(vi) Cross-validation and tuning (train): perform rolling-origin five-fold cross-validation
for each mtry € {|\/p]), |p/3], [p/2]}, with each candidate truncated below at one.
In each fold, fit RF models with B = 500 trees and nodesize= 10; select mtry by
mean validation ROC-AUC and then refit the chosen specification on the full training
split with B = 1000 trees.

(vii) Thresholds (train) —From OOF probabilities obtained on the training segment, select
the Youden-J-optimal and Fj-optimal thresholds. Freeze these thresholds with all
train-fitted objects (winsorization bounds, standardization parameters, embedding
settings, filtration scales, and RF models).
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(viii) Test (forward apply) -Apply all frozen transformations and thresholds to the test
windows; score all models to obtain test-set probabilities; compute ROC-AUC (with
DeLong confidence intervals), PR-AUC (with time-aware calendar block-bootstrap
confidence intervals), and threshold-based classification metrics at the pre-specified
Fi-optimal thresholds; summarize paired ROC-AUC contrasts using DeLong tests
alongside time-aware calendar block-bootstrap ROC-AUC differences.

(ix) Calibration (test) -Using the fixed equal-frequency probability bins constructed from
OOF training scores, compute Brier scores, expected calibration error (ECE), and
reliability curves on the test set for all models.

3. EXPERIMENTAL SETUP

This section outlines the empirical environment in which the forecasting models are evalu-
ated. We describe the assets, the construction of rolling return windows, the labeling and
preprocessing rules, and the chronological train—test split that governs all stages of the anal-
ysis. The resulting study sample provides the foundation for the performance comparisons
and calibration diagnostics reported in Section 4.

3.1 Data and universe

The empirical universe consists of four liquid United States equities: INTC, COP, NVDA,
and DIS, observed on a daily frequency over 2010-2024. Adjusted closing prices are obtained
from Yahoo Finance [34, 35, 36, 37|. Each asset is modeled independently: there is no cross-
asset pooling or multi-task training, so all features, labels, and classifiers are estimated
on an asset-by-asset basis. The sample for each asset is split in calendar order into an
initial training segment and a subsequent test segment, with an approximate 70% to 30%
split in terms of rolling windows. This design mirrors the temporal structure of a realistic
deployment in which a model trained on historical data is applied to future observations,
and it underpins the leakage controls described in Sections 2.2 and 2.5.

3.2 Study sample and preprocessing

Daily adjusted closing prices are first aligned to a unified trading calendar across all four
assets and transformed into close-to-close log returns. Preprocessing follows the training-
only protocol described in Section 2.2: winsorization, centering, and scaling parameters are
estimated on the training segment and then applied forward in time to the test windows.

We construct overlapping return windows of length W = 60 days and define short-horizon
volatility labels using the K = 5 day mean absolute return proxy from Section 2.2. Spike
labels follow the five-day, 70th percentile rule defined in Section 2.2.

Table 2 summarizes the resulting study sample by asset, reporting raw observation
counts, the number of rolling windows, the train—test split, and the prevalence of spike
versus non-spike windows in each segment. Spike prevalence is locked at approximately
30% on the training segment by construction, whereas test-set prevalence varies substan-
tially across assets (approximately 65% for INTC, 50% for COP, 57% for NVDA, and 52%
for DIS).

This variation motivates the joint use of area under the ROC-AUC, area under the
precision-recall curve (PR-AUC), threshold-based metrics, and calibration diagnostics in
Section 4. Table 1 reports the corresponding delay-embedding settings (embedding dimen-
sion m = 3, data-driven delay 7), training-only winsorization bounds, and the realized
spike thresholds for each asset.
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Table 2.: Study sample summary by asset

Train segment Test segment
Asset Raw Window N ain Spike Normal Spike ratio Nies; Spike Normal Spike ratio
observed  count train  train train test test test
INTC 3771 3707 2594 778 1816 0.300 1113 718 395 0.645
COP 3771 3707 2594 778 1816 0.300 1113 562 551 0.505
NVDA 3771 3707 2594 778 1816 0.300 1113 635 478 0.571
DIS 3771 3707 2594 778 1816 0.300 1113 582 531 0.523

The identical raw observation counts and window totals across assets reflect the uni-
fied calendar alignment. Zero missing prices imply that no imputation is required prior
to window construction. The deliberate choice of a fixed training spike ratio (approxi-
mately 30%) combined with asset-specific test ratios underpins the emphasis on PR-AUC,
threshold metrics, and calibration summaries in Tables 3 and 5 and in Figure 2, where
performance is evaluated under realistically nonstationary class balances.

3.3 Cross-validation and hyperparameters

The cross-validation protocol and hyperparameter selection are designed to mirror a rolling
deployment and to keep model choice strictly pre-specified. We use rolling-origin five-fold
cross-validation for each asset—feature-family combination (FDA, TDA, and the combined
specification BOTH), respecting calendar order in every fold and prohibiting any shuffling
of observations. In each fold, a contiguous block of early windows serves as training data
and a subsequent block serves as validation data, so that validation occurs strictly after
training, consistent with the time-aware principles described in Sections 2.5 and 2.6.

RF classifiers employ the pre-specified tuning grid introduced in Section 2.4 for the num-
ber of variables sampled at each split: mtry € {[\/p], |[p/3], |p/2]}, with each candidate
truncated below at one, where p is the dimensionality of the feature set under considera-
tion. All remaining hyperparameters are held fixed across assets and feature families: we
use B = 500 trees and a minimum node size of 10 during cross-validation, and B = 1000
trees with the same node size when refitting models on the full training segment.

For each candidate mtry value and model family, we fit forests on the training portion
of each fold and evaluate ROC-AUC on the corresponding validation portion. The mtry
value that maximizes the mean cross-validated ROC-AUC across the five folds is then
selected and held fixed when refitting on the full training segment and when constructing
out-of-fold probabilities for threshold selection.

Table 6 in Section 4.5 reports the resulting mean and standard deviation of cross-
validated ROC-AUC for each asset and feature family, with the selected mtry values.
The close alignment between the cross-validation ranking in Table 6 and the test-set per-
formance in Tables 3 and 4 confirms the suitability of this rolling-origin cross-validation
design as a stable basis for pre-specifying hyperparameters within the end-to-end protocol
summarized in Section 2.9.

4. RESULTS

This section reports the main empirical findings of the forecasting study. We first compare
the discrimination and decision performance of the competing model families across all
assets, and then analyze paired differences, calibration properties, and cross-validation
behavior. The last subsection summarizes patterns in the feature sets and their relation to
spike and non-spike episodes.
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4.1 Main discrimination and decision metrics

Table 3 reports the out-of-sample discrimination and decision metrics for all four assets and
model families, while Figure 1 displays the corresponding ROC curves. Table 3 and Figure 1
document the main pattern that the integrated specification BOTH consistently improves
on the FDA-only and TDA-only baselines across all four assets. In terms of ROC-AUC, the
BOTH specification achieves the highest test performance among the RF families (FDA,
TDA, BOTH) for each asset. Across INTC, COP, NVDA, and DIS, its ROC-AUC values
lie in the 0.65 to 0.77 range and improve on the corresponding FDA and TDA baselines
by roughly 3 to 8 percentage points (Table 3). The associated ROC envelopes in Figure 1
show visibly higher curves for BOTH over a broad range of false-positive rates, indicating
a consistent gain in ranking quality rather than an isolated improvement at a particular
operating point.

Relative to the HAR-~only XGBoost benchmark, the picture is more nuanced: BOTH
dominates on COP, is slightly ahead on NVDA, and is outperformed by XGBoost on
INTC and DIS. PR-AUC and F1 follow a similar pattern, with BOTH and XGBoost
generally delivering the strongest decision-oriented performance under the pronounced class
imbalance and asset-specific spike prevalences reported in Table 2.

At the pre-specified F} operating point, INTC and COP are operated in a deliberately
conservative regime with recall close to one and moderate precision, reflecting a preference
for catching most spike episodes. NVDA exhibits a more balanced precision-recall trade-off
and attains the highest F1 under BOTH, while DIS shows that BOTH and XGBoost can
achieve similar ROC-AUC and PR-AUC yet differ meaningfully once calibration is taken
into account (Section 4.3). Overall, Table 3 and Figure 1 jointly indicate that combining
FDA, TDA, and HAR features yields systematically better classification performance than
either block in isolation and is competitive with the HAR-only XGBoost benchmark, being
clearly ahead on COP, roughly on par on NVDA and somewhat behind on INTC and DIS.

Table 3.: Test performance: FDA, TDA, BOTH, XGBoost

Asset Model Ngest AUC CI PR-AUC PR-CI Threshold Accuracy Precision Recall F1
low high low high
INTC FDA 1113 0.6495 0.6157 0.6834 0.7609 0.6975 0.8215 0.186 0.6550 0.6564 0.9763 0.7850
INTC TDA 1113 0.6375 0.6040 0.6709 0.7551 0.6859 0.8173 0.000 0.6451 0.6451 1.0000 0.7843
INTC BOTH 1113 0.6712 0.6375 0.7049 0.7537 0.6733 0.8271 0.260 0.6873 0.6923 0.9276 0.7929
INTC XGB 1113 0.7121 0.6803 0.7439 0.7965 0.7155 0.8482 0.292 0.6981 0.7045 0.9164 0.7966
CcOop FDA 1113 0.7373 0.7083 0.7664 0.6958 0.6257 0.7831 0.194 0.6244 0.5788 0.9413 0.7168
COP TDA 1113 0.6884 0.6576 0.7192 0.6911 0.6027 0.7758 0.240 0.6020 0.5696 0.8665 0.6874
COP BOTH 1113 0.7662 0.7386 0.7939 0.7361 0.6570 0.8094 0.346 0.6999 0.6492 0.8826 0.7481
COP XGB 1113 0.7439 0.7154 0.7725 0.7288 0.6419 0.8112 0.263 0.6667 0.6169 0.8968 0.7310
NVDA FDA 1113 0.6764 0.6449 0.7080 0.7285 0.6400 0.8081 0.382 0.6451 0.6695 0.7465 0.7059
NVDA TDA 1113 0.6365 0.6041 0.6689 0.7092 0.5999 0.8001 0.146 0.5750 0.5760 0.9669 0.7219
NVDA BOTH 1113 0.6907 0.6596 0.7219 0.7352 0.6327 0.8311 0.332 0.6550 0.6551 0.8346 0.7341
NVDA XGB 1113 0.6891 0.6577 0.7204 0.7360 0.6218 0.8283 0.314 0.6406 0.6474 0.8126 0.7207
DIS FDA 1113 0.6195 0.5867 0.6523 0.6485 0.5442 0.7482 0.190 0.5391 0.5361 0.8814 0.6667
DIS TDA 1113 0.5898 0.5566 0.6230 0.6488 0.5478 0.7451 0.076 0.5175 0.5206 0.9759 0.6790
DIS BOTH 1113 0.6666 0.6350 0.6982 0.7067 0.6044 0.7810 0.074 0.5238 0.5235 0.9966 0.6864
DIS XGB 1113 0.6823 0.6511 0.7135 0.7073 0.6178 0.7868 0.509 0.6361 0.7411 0.4674 0.5732

4.2  Pairwise AUC comparisons

While Table 3 and Figure 1 summarize absolute asset—model performance, Table 4 reports
paired ROC-AUC contrasts. For each asset—comparison pair, it lists DeLong p-values with
time-aware block-bootstrap ROC-AUC differences, Agg, and their percentile confidence
intervals and two-sided bootstrap p-values. We report raw p-values and interpret them
descriptively, focusing on effect sizes and consistency across assets rather than on strict
accept—-reject decisions.



Chilean Journal of Statistics 189
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Figure 1.: Test ROC curves by asset for FDA, TDA, BOTH, and XGBoost. Panels (top
left to bottom right): INTC, NVDA, COP, DIS.

The Delong contrasts in Table 4 generally favor BOTH over TDA and FDA, but the
strength of the evidence varies by asset. For COP, NVDA, and DIS, TDA versus BOTH
yields very small p-values and positive block-bootstrap differences, indicating clear improve-
ments in ROC-AUC when TDA features are combined with FDA and HAR. On INTC,
the TDA versus BOTH comparison is directionally favorable to BOTH but only marginally
significant, and the FDA versus BOTH contrast is not statistically decisive. Comparisons
against XGBoost are mixed: for COP the integrated specification BOTH exhibits a positive
ROC-AUC difference over XGBoost, whereas for INTC and DIS XGBoost attains some-
what higher ROC-AUC, and for NVDA the two models are essentially indistinguishable.

The block-bootstrap columns of Table 4 provide a more conservative perspective that
explicitly acknowledges serial dependence. The point estimates Agg are uniformly positive
when contrasting BOTH with TDA and FDA, but the corresponding confidence intervals
occasionally include zero, especially for INTC and COP, reflecting wider uncertainty under
dependence and overlapping windows. For COP, NVDA, and DIS, the bootstrap intervals
for TDA versus BOTH are strictly positive, reinforcing the conclusion that integrating
functional and topological features yields genuine gains in ranking performance relative to
TDA alone. By contrast, the bootstrap comparisons between XGBoost and BOTH highlight
that the HAR-only benchmark remains very competitive in some cases, rather than being
uniformly dominated.

4.3 Probability Calibration

Table 5 collects Brier scores and expected calibration errors (ECE) for all asset-model
combinations, whereas Figure 2 presents the corresponding reliability curves. These diag-
nostics probe a different aspect of performance than ROC and precision-recall metrics:
the alignment between predicted probabilities and empirical event frequencies, with the
Brier score reflecting overall probabilistic accuracy (calibration plus sharpness) and ECE
focusing specifically on calibration.
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Table 4.: Paired ROC-AUC comparisons (DeLong and block bootstrap)

Asset  Comparison DeLong p-value BB diff BB CI (low) BB CI (high) BB p-value
INTC FDA versus TDA 0.5642 -0.0079 -0.0779 0.0560 0.780
INTC TDA versus BOTH 0.0517 0.0280 -0.0332 0.0879 0.356
INTC FDA versus BOTH 0.2515 0.0204 -0.0435 0.0865 0.532
INTC XGB versus BOTH 3.7x107° -0.0377 -0.0790 -0.0012 0.048
COP  FDA versus TDA 0.0010 -0.0458 -0.1056 0.0166 0.136
COP  TDA versus BOTH 2.9 x 10711 0.0739 0.0260 0.1243 0.004
COP  FDA versus BOTH 0.0099 0.0277 -0.0112 0.0686 0.228
COP  XGB versus BOTH 0.0198 0.0235 -0.0104 0.0559 0.116
NVDA FDA versus TDA 0.0181 -0.0469 -0.0959 0.0088 0.088
NVDA TDA versus BOTH 8.8 x 10~° 0.0539 0.0072 0.1006 0.024
NVDA FDA versus BOTH 0.2822 0.0122 -0.0295 0.0552 0.612
NVDA XGB versus BOTH 0.8660 0.0026 -0.0266 0.0344 0.892
DIS  FDA versus TDA 0.1073 -0.0305 -0.0936 0.0294 0.360
DIS  TDA versus BOTH 9.3 x 1075 0.0726 0.0067 0.1455 0.020
DIS FDA versus BOTH 6.5 x 104 0.0443 -0.00022 0.0900 0.056
DIS  XGB versus BOTH 0.1562 -0.0161 -0.0548 0.0263 0.468

Across assets, BOTH systematically improves Brier scores and ECE relative to the FDA-
only and TDA-only baselines, indicating that the richer feature set not only sharpens
ranking but also yields better-behaved probability forecasts. Compared with the HAR-
only XGBoost benchmark, the picture is asset-dependent: for COP, BOTH attains lower
Brier score and ECE; for INTC, XGBoost achieves the lowest Brier score and ECE; and
for NVDA and DIS the two models are broadly comparable, with small trade-offs between
Brier score and ECE (for example, BOTH slightly better in Brier score for NVDA and
in ECE for DIS, and XGBoost holding the opposite advantage). Overall, these patterns
suggest that combining FDA and TDA with HAR lags improves calibration over single-
family feature sets and delivers calibration quality that is broadly in line with, and in some
cases close to or better than, a strong HAR-only tree-based benchmark.

Figure 2 illustrates how these differences materialize across the probability range. The
reliability curves for BOTH and XGBoost typically lie closest to the 45° line, especially in
the mid-probability region where most predictions are concentrated. In contrast, FDA and
TDA alone tend to display underconfidence at low predicted probabilities and overconfi-
dence near the upper deciles, with more pronounced deviations from perfect calibration.
Table 5 and Figure 2 show that combining functional and topological features not only
improves the ranking of spike episodes but also leads to better-calibrated risk scores than
single-family baselines, an important property for downstream decision rules that hinge on
probability thresholds.

Table 5.: Calibration metrics (Brier score and ECE)

Asset Model Brier ECE

INTC FDA 0.2522  0.1946
INTC TDA 0.2739  0.2314
INTC BOTH 0.2390 0.1639
INTC XGBoost 0.2193  0.1429
COP FDA 0.2177  0.0833
COP TDA 0.2337 0.1124
COP BOTH 0.1987 0.0474
COP XGBoost 0.2090 0.0719
NVDA FDA 0.2361  0.1008
NVDA TDA 0.2501  0.1137
NVDA BOTH  0.2274  0.0855
NVDA XGBoost 0.2284  0.0809

Table 5 continues in the next page
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Asset  Model Brier ECE

DIS FDA 0.2624 0.1414
DIS TDA 0.2717  0.1598
DIS BOTH 0.2418 0.1062
DIS XGBoost 0.2404  0.1252

INTC — Calibration (BOTH, test) NVDA — Calibration (BOTH, test)
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Figure 2.: Reliability curves and calibration diagnostics by asset. Panels (top left to bottom
right): INTC, NVDA, COP, DIS.

4.4 Feature behavior and class separation

To shed light on how the features behave across spike and non-spike windows, Figure 3
displays representative TDA and FDA summaries stratified by class for each asset. The
panels include total persistence, Betti-1 summaries, leading FPCA scores, and discrete
derivative norms, thereby linking the quantitative performance gains in Tables 3-5 to con-
crete feature-level patterns.

A robust qualitative pattern emerges across assets: spike windows tend to exhibit higher
topological complexity in the delay-embedded state space, as reflected in elevated total
persistence and Betti-1 statistics, while the functional scores and derivative norms capture
complementary changes in level, slope, and roughness of recent return paths.

For instance, NVDA and COP show clear upward shifts in both topological intensity
and roughness-based FDA measures for spike windows, consistent with their relatively
large ROC-AUC and PR-AUC improvements under BOTH. DIS displays more modest
separation at the level of individual summaries, which helps explain why its performance
gains are more muted, even though the combined specification still improves calibration
and overall discrimination.
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By design, Figure 3 is descriptive rather than inferential. Nonetheless, the systematic
shifts in both topological and functional features between classes provide a structural in-
terpretation of the superiority of BOTH: topology reacts to regime geometry and clus-
tering in the reconstructed state space, whereas functional summaries encode smoother,
low-frequency aspects of the path. Their combination furnishes a richer representation of
pre-spike dynamics than either block alone.

INTC — TDA: TP by class INTC — FDA: fscore1 by class NVDA — TDA: TP by class NVDA — FDA: fscore1 by class
06
08 0.10
005
g™ go7 005
8 I factor(label) é factor(label) 8 factor(label) é factor(label)
5 5
g 1 S 1 g 1 S 1
s - B s *
e e 005
03
005
04
0.10
02
normal

a spike normal spike normal spike normal spike
Class Class Class Class

COP — TDA: TP by class COP — FDA: fscore1 by class DIS — TDA: TP by class DIS — FDA: fscore1 by class

05

006
o7
. 0.05 003
04
factor(label) factor(label) factor(label) factor(label)
05 0 0 0 000 0
1 0.00 1 1 1
03
04
003
03 0.05
2 008
norm pi

nal spike normal spike normal spike normal spike
Class Class Class Class

Total persistence (TP)
FPCA score 1
Total persistence (TP)
FPCA score 1

Figure 3.: Selected TDA and FDA feature summaries by class (spike versus normal). Panels
(top left to bottom right): INTC, NVDA, COP, DIS.

4.5  Cross-validation and tuning summary

Finally, Table 6 summarizes the rolling-origin cross-validation results used for model se-
lection, reporting mean ROC-AUC and its standard deviation across folds for each asset
and feature family, with the chosen mtry values. This table links the pre-specified tuning
procedure from Section 2.4 to the out-of-sample performance documented above.

The cross-validation results in Table 6 show that the relative ordering of feature families
is broadly consistent with the test-set ROC-AUCSs, but not uniformly dominated by any
single specification. For INTC and NVDA, BOTH attains the highest mean cross-validated
ROC-AUC, mirroring its advantage over FDA and TDA on the test set. For COP and
DIS, the best-performing single-family baseline (FDA for COP, TDA for DIS) is slightly
ahead of BOTH in mean cross-validated ROC-AUC, although the differences are modest
and fall within one standard deviation. The selected mtry values for BOTH lie in the lower
end of the grid (around three variables per split), and forests are consistently trained with
B = 500 trees during cross-validation and B = 1000 trees in the final fits, supporting
the use of this rolling-origin cross-validation scheme as a stable basis for pre-specifying
hyperparameters within the overall end-to-end protocol.

In addition to the RF families in Table 6, we include a gradient boosting tree bench-
mark (XGBoost; [38]) fitted on the HAR block only. Its hyperparameters (tree depth,
learning rate, number of trees, and subsampling rates) are fixed ex ante and kept con-
stant across assets under the same chronological constraints, so that XGBoost provides
a strong but transparent nonlinear baseline built solely from lagged-volatility cues. The
richer FDA /TDA /HAR representations in Tables 3 and 5 can then be interpreted relative
to this HAR~only benchmark.
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Tables 3, 4, 5, and 6, along with Figures 1, 2, and 3, show that the FDA/TDA/HAR
specification systematically improves discrimination, calibration, and interpretability over
single-family feature sets and is competitive with a HAR~only gradient-boosted tree bench-
mark, under a validation scheme that respects the temporal structure of the data.

Table 6.: RF cross-validation summary

Asset  Model mtry Mean CV AUC SD CV AUC

INTC FDA 2 0.5698 0.0927
INTC TDA 3 0.5180 0.0891
INTC BOTH 3 0.5865 0.0540
COP FDA 2 0.6310 0.0476
COP TDA 2 0.6207 0.1136
COP BOTH 3 0.6128 0.1801
NVDA FDA 2 0.5657 0.0578
NVDA TDA 2 0.5502 0.1253
NVDA BOTH 3 0.5876 0.1029
DIS FDA 2 0.5374 0.1274
DIS TDA 2 0.5395 0.0688
DIS BOTH 3 0.5331 0.1500

5. SIMULATION STUDY

Our simulation study examines the behavior of the proposed feature sets under a controlled,
regime-switching volatility environment. Conditional returns are generated from a two-
state regime-switching generalized autoregressive conditional heteroskedasticity (Regime-
GARCH) process in which a latent Markov chain switches between low and high volatility
regimes that differ in both unconditional variance and persistence. Innovations follow a
heavy-tailed Student-¢ distribution to induce realistic spike-and-cluster patterns, in line
with recent work on tail-adaptive random number generation for heavy-tailed models [39].
Labeling, feature construction, and the learning method follow exactly the chronological
protocol in Section 2; only the data-generating mechanism changes. This keeps the simu-
lation strictly comparable to the empirical study.

5.1 Discrimination and decision metrics

Table 7 summarizes test-set discrimination and decision metrics under the Regime-GARCH
scenario, while Figure 4 displays the corresponding ROC curves. In this controlled environ-
ment, all models achieve moderate ROC-AUC, with values ranging from about 0.49 (TDA)
to 0.62 (XGBoost). The HAR-only XGBoost benchmark attains the highest ROC-AUC
(approximately 0.62) and PR-AUC (about 0.32), followed by the combined specification
BOTH (ROC-AUC around 0.57, PR-AUC around 0.26), with FDA and TDA slightly
behind. Thus, when the data-generating mechanism is close to a low-dimensional Regime-
GARCH and HAR structure, a parsimonious lag-volatility model can dominate richer FDA-
and TDA-based feature sets in terms of pure discrimination.

The decision-oriented metrics in Table 7 convey a similar message. At the pre-specified
F operating point, accuracies lie between roughly 0.56 and 0.69 and F1 scores between
about 0.25 and 0.38, with XGBoost typically delivering the best trade-off between precision
and recall and BOTH improving on FDA and TDA. Table 7 and Figure 4 show that,
under a parametric Regime-GARCH process, lagged-volatility information remains highly
informative and can outperform more flexible FDA- and TDA-based specifications.
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Table 7.: Simulation: test performance under the Regime-GARCH scenario

Scenario Model Niest AUC CI PR-AUC PR-CI Threshold Accuracy Precision Recall F1
low  high low  high

Regime FDA 1781 0.5425 0.5090 0.5760  0.2416 0.1893 0.3045 0.3080 0.6721 0.2339 0.2715 0.2513

GARCH

Regime TDA 1781 0.4924 0.4593 0.5255  0.1991 0.1484 0.2662 0.2680 0.5592  0.1980 0.3850 0.2615

GARCH

Regime BOTH 1781 0.5694 0.5345 0.6043  0.2608 0.1877 0.3482 0.3000 0.6126 0.2504 0.4571 0.3235
GARCH
Regime XGBoost 1781 0.6232 0.5892 0.6572  0.3162 0.2380 0.4038 0.2888 0.6884  0.3197 0.4765 0.3826
GARCH
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Figure 4.: ROC curves for FDA, TDA, BOTH, and XGBoost under the regime-GARCH
scenario.

5.2  Pairwise AUC contrasts

Whereas Table 7 and Figure 4 document absolute performance levels, Table 8 focuses
on paired ROC-AUC differences under the same simulated paths. The DelLong p-values
quantify whether the observed ROC-AUC gaps are statistically detectable when predic-
tions are compared on identical test instances, and the block-bootstrap columns provide a
complementary assessment that accounts for temporal dependence.

Table 8 shows that augmenting topological summaries with functional and HAR features
yields a detectable improvement over TDA alone: in the TDA versus BOTH row, the
ROC-AUC difference Agg = AUC(BOTH) — AUC(TDA) is positive (around 0.08), with
a bootstrap interval entirely above zero and a very small DeLong p-value. The FDA versus
BOTH contrast is directionally favorable to BOTH but not statistically decisive, reflecting
a smaller ROC-AUC gap and a bootstrap interval that crosses zero.

By contrast, the XGBoost versus BOTH comparison features a negative block-bootstrap
difference (the same definition AUC(BOTH) — AUC(XGBoost)), with a confidence interval
that lies largely below zero and a very small p-value, indicating that in this simulation
the HAR-only gradient-boosted tree benchmark achieves a higher ROC-AUC than the
integrated specification. Together with Table 7, these contrasts underline that the empirical
ranking in favor of BOTH is not universal and can reverse when the data-generating process
is particularly well aligned with lagged-volatility predictors.
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Table 8.: Simulation: paired AUC comparisons under the Regime-GARCH scenario (BB
diff = Agg).

Scenario Comparison DeLong p BB diff BB CI (low) BB CI (high) BB p
Regime-GARCH FDA versus TDA 0.017 -0.048 -0.119 0.017 0.144
Regime-GARCH TDA versus BOTH 0.0001 0.077 0.008 0.144 0.020
Regime-GARCH FDA versus BOTH 0.145 0.031 -0.024 0.097 0.316
Regime-GARCH XGB versus BOTH ~ 0.0000 -0.047 -0.094 -0.001 0.048

5.3 Calibration diagnostics

Calibration properties in simulation are summarized in Table 9, with the corresponding re-
liability diagrams shown in Figure 5. As in the empirical analysis, these diagnostics evaluate
how closely predicted probabilities align with realized spike frequencies, complementing the
discrimination-oriented ROC-AUC and PR-AUC metrics.

In contrast to the empirical setting, XGBoost attains the lowest Brier score and the lowest
expected calibration error in the Regime-GARCH scenario. This reflects both its strong
discrimination and its well-calibrated probabilities when the underlying volatility dynamics
are close to a low-dimensional lag-volatility process. The combined specification BOTH
improves calibration relative to TDA and is broadly comparable to FDA, but it does not
outperform the HAR-only XGBoost benchmark in this particular design. Viewed jointly,
Tables 7-9 and Figures 4-5 indicate that, under a correctly specified Regime-GARCH and
HAR structure, a parsimonious lag-volatility model can dominate more flexible FDA- and
TDA-based specifications, whereas in the empirical setting the richer feature set yields
clearer improvements over single-family baselines.

Table 9.: Simulation: calibration metrics under the Regime-GARCH scenario

Scenario Model Brier ECE
Regime-GARCH FDA 0.172 0.086
Regime-GARCH TDA 0.193 0.133

Regime-GARCH BOTH 0.174 0.103
Regime-GARCH XGBoost 0.159  0.058
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Figure 5.: Reliability curves and calibration diagnostics under the regime-GARCH scenario.



196 Sozen

6. CONCLUSIONS

This article investigates whether combining functional and topological summaries of recent
return paths improves the prediction of short-horizon volatility spikes. Using a train-only,
rolling-origin learning protocol with paired inference, we compare functional features, topo-
logical features, and the combined FDA, TDA, and HAR specification against an HAR-only
XGBoost benchmark. Across four large-cap equities, the pre-specified combined specifica-
tion delivers stronger discrimination and decision performance than the single-family FDA
and TDA models, and it improves probabilistic accuracy and calibration. Relative to the
HAR-only benchmark, the combined specification is clearly ahead on some assets, roughly
comparable on others, and somewhat behind on a few cases, indicating that the relative
performance of nonlinear approaches is asset-dependent.

Paired DelLong tests and time-aware block-bootstrap contrasts quantify these differences,
while Brier scores and expected calibration error show that the combined specification con-
sistently improves calibration relative to the single-family baselines and is broadly compet-
itive with the HAR-only model.

The asset-level results exhibit a coherent pattern. COP and DIS show the largest and
most stable improvements under the combined specification, with clear separation in both
ROC curves and class-conditional feature summaries. INTC and NVDA also benefit from
the combined feature set, although block-bootstrap intervals around some AUC differences
include zero, reflecting serial dependence and asset-specific prevalence shifts. DIS provides
an informative case where the HAR-only benchmark attains slightly higher AUC and PR-
AUC, yet the combined specification yields better expected calibration error and compa-
rable Brier scores, illustrating that probability calibration should be assessed alongside
ranking metrics when models are used for risk-based decisions.

From an operational perspective, three recommendations follow. First, strict train—
calibrate—test chronology and the associated leakage controls should be treated as design
principles: all transformations, feature mappings, and thresholds should be fitted on the
training split and applied forward in time, with continuous monitoring of class prevalence,
AUC, PR-AUC, and expected calibration error to detect drift. Second, threshold policies
should be viewed as adjustable levers on top of a fixed score. Institutions with different pre-
cision—recall requirements can reoptimize thresholds on the same calibration split without
retraining the underlying models.

Third, model risk management frameworks should monitor a small but complementary
set of metrics—AUC, PR-AUC, Brier score, and expected calibration error—and establish
guardrails for acceptable deviations from the benchmark values reported in this study. The
end-to-end protocol in Section 2.9 provides a concrete blueprint for such monitoring.

The analysis also has limitations that define the scope of the conclusions. The empirical
study focuses on four large-cap equities and a single spike definition based on a fixed train-
ing quantile and a five-day horizon. Different markets, alternative horizons, or alternative
labeling rules could alter both spike prevalence and classification difficulty. Dependence is
addressed through paired Delong tests and block-based resampling rather than indepen-
dent and identically distributed assumptions, but volatility clustering and structural breaks
can still widen bootstrap intervals. The feature engineering strategy centers on a specific
and interpretable set of FDA and TDA summaries; alternative learners or sequence-based
feature extractors might yield further improvements at the cost of transparency. Finally,
the Regime-GARCH simulation shows that under a volatility process that closely follows a
low-dimensional lag-volatility structure, a parsimonious benchmark can outperform more
flexible specifications in both discrimination and calibration.
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Several extensions follow naturally. Methodologically, richer topological descriptors such
as signed Betti curves or persistence landscapes, as well as interaction terms between
functional and topological features, may enhance separation between spike and non-spike
windows. On the calibration side, drift-aware techniques such as time-varying thresholds,
adaptive recalibration schedules, or distribution-free conformal adjustments offer promis-
ing avenues for maintaining reliability under shifting market conditions. Cross-sectionally,
extending the framework to a broader asset universe or to multi-asset models that exploit
joint information could improve generality and support portfolio-level spike management.
Integrating exogenous information such as scheduled macroeconomic releases, news-based
indicators, or option-implied measures may also help distinguish endogenous path geometry
from event-driven shocks.

Overall, the evidence supports the use of the combined FDA, TDA, and HAR specifi-
cation as a practical default for short-horizon spike prediction. It improves discrimination,
enhances probability calibration, and provides interpretable feature-level signals, all within
a validation scheme that respects the temporal structure of financial data. With appropri-
ate recalibration and monitoring, the proposed framework can serve as a robust component
of volatility-aware risk management and forecasting systems.

APPENDIX: R CODE FOR THE VOLATILITY SPIKE FORECASTING METHOD (FDA +
TDA)

#it
## Short-Horizon Volatility Spike Forecasting FDA + TDA + HAR method + Regime-GARCH simulation
## Fidelity to article; uses up to 32 cores via doParallel

## Output: outfTDA2/tables/*.csv, outfTDA2/plots/*.png

#i#t

set.seed(123)

#H - Packages ----------
pkgs <- c("quantmod", "TDA", "randomForest", "zoo", "dplyr", ‘"ggplot2", "pROC", "PRROC", "data.table",
"purrr", "stringr", "cowplot", "gridExtra", "moments", '"xgboost", "parallel", "doParallel", "foreach")

miss <- setdiff(pkgs, rownames(installed.packages()))
if (length(miss)) install.packages(miss, dependencies = TRUE)
invisible(lapply(pkgs, library, character.only = TRUE))
options(dplyr.summarise.inform = FALSE)
#H# oo - Parallel setup (up to 32 cores) ----------
n_detected <- parallel::detectCores()
if (is.na(n_detected)) n_detected <- 1L
N_CORES <- min(32L, n_detected)
cl <- parallel::makeCluster (N_CORES)
doParallel: :registerDoParallel(cl)
on.exit ({
try(parallel::stopCluster(cl), silent = TRUE)
doParallel: :registerDoSEQ()
}, add = TRUE)

#H oo - Global parameters ----------

ASSETS <- c("INTC", "COP", "NVDA", "DIS")

FROM <- "2010-01-01"

TO <- "2024-12-30"

WINDOW_LEN <- 60L # past window length

K_RV <- 5L # forward horizon for volatility proxy
SPIKE_Q <- 0.70 # spike threshold quantile (train-only)
TRAIN_FRAC <- 0.70 # train fraction at window level
NHARM_FDA <- 4L # number of FPCA components (scores)
BLOCK_LEN <- 20L # block length for bootstrap in days
N_BOOT <- 500L # number of bootstrap replicates

B_BIN <- 10L # number of bins for calibration (ECE)

OUTDIR <- "outfTDA2"

TABDIR <- file.path(DUTDIR, "tables")

PLOTDIR <- file.path(OUTDIR, "plots")

dir.create(OUTDIR, showWarnings = FALSE, recursive = TRUE)
dir.create(TABDIR, showWarnings = FALSE, recursive = TRUE)
dir.create(PLOTDIR, showWarnings = FALSE, recursive = TRUE)
##
## 1. Helper functions
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#i#

## ---- Data fetch from Yahoo ----

get_prices <- function(sym, from = FROM, to = TO) {
message ("=== Fetching: ", sym, " ===")

X <- tryCatch(quantmod: :getSymbols(sym, src = "yahoo", from = from, to = to, auto.assign = FALSE),
error = function(e) NULL)
if (is.null(X)) {
warning (" [WARN] No data for ", sym)
return(NULL)
}
cp_raw <- quantmod::C1(X)
n_na_raw <- sum(is.na(cp_raw))
cp <- cp_raw
if (any(is.na(cp))) {
cp <- na.locf(cp)
cp <- na.locf(cp, fromLast = TRUE)
}
return(list(
close = cp, n_na_raw = n_na_raw
)
¥
## ---- Embedding parameter selection (m=3, tau via first local ACF minimum) ----
select_embedding_params <- function(r_abs, max_lag = 20L) {
r_abs <- r_abs[is.finite(r_abs)]
if (length(r_abs) < 10L) {
return(list(m = 3L, tau = 1L))
}
ac_full <- acf(r_abs, lag.max = max_lag, plot = FALSE, na.action = na.pass)$acf
ac <- ac_full[-1] # drop lag O
tau <- NA_integer_
if (length(ac) >= 3L) {
for (k in 2:(length(ac) - 1L)) {
if (is.finite(ac[k - 1]) && is.finite(ac[k]) && is.finite(aclk + 1]) &&
ac[k] < aclk - 1] && ac[k] <= acl[k + 1]) {
tau <- k
break
}
}
}
if (is.na(tauw) || tau < 1L) {
tau <- which.min(ac)
if (is.na(tau) || tau < 1L) tau <- 1L
}
return(list(m = 3L, tau = tau))
}
## ---- Time-delay embedding ----
embed_curve <- function(y, dim = 3L, tau = 1L) {
n <- length(y)
mlen <- n - (dim - 1L) * tau
if (mlen <= 1L) return(NULL)
mat <- matrix(NA_real_, nrow = mlen, ncol = dim)
for (j in seq_len(dim)) {
mat[, jl <- y[(1L + (j - 1L) * tauw):(mlen + (j - 1L) * tau)]
}
return(mat)
}
auto_maxscale <- function(emb, factor = 0.6) {
d <- as.numeric(dist(emb))
if (length(d) == OL) return(0.5)
return(factor * median(d, na.rm = TRUE))
}
## ---- TDA feature extractor (on |r_t|, robust) ----
tda_features_safe <- function(y_window, dim_embed = 3L, tau = 1L, maxdim = 1L) {
out0 <- c(topl_H1 = 0, top2_H1 = 0, topi_HO = O, pentropy = 0, bettil = 0, total_pers = 0)
emb <- embed_curve(y_window, dim = dim_embed, tau = tau)
if (is.null(emb) || nrow(emb) < 5L) return(outO)
maxscale <- tryCatch(auto_maxscale(emb), error = function(e) 0.5)
pd <- tryCatch(
ripsDiag(emb, maxdimension = maxdim, maxscale = maxscale,
dist = "euclidean", library= "GUDHI", printProgress = FALSE),
error = function(e)
tryCatch(ripsDiag(emb, maxdimension = maxdim, maxscale = maxscale,
dist = "euclidean", printProgress = FALSE), error = function(e2) NULL)
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if (is.null(pd) || is.null(pd$diagram) || nrow(pd$diagram) == OL) return(outO)
diagm <- pd$diagram
lifetimes <- diagm[, 3] - diagm[, 2]
1if1 <- lifetimes[diagm[, 1] == 1]
1if0 <- lifetimes[diagm[, 1] == 0]
topl_1 <- ifelse(length(lifl) > OL, sort(lifi, TRUE)[1], 0)
top2_1 <- ifelse(length(lifl) > 1L, sort(lifi, TRUE)[2], 0)
topl_0 <- ifelse(length(1if0) > OL, sort(1if0) [length(1if0)], 0)
L <- lifetimes[lifetimes > 0]
pentropy <- if (length(L) == OL) O else {

p <- L / sum(L) - sum(p * log(p + le-12))

bettil <- sum(diagm[, 1] == 1 & lifetimes > 0)

total_pers <- sum(L)

return(c(topl_H1 = topl_1, top2_H1 = top2_1, topl_HO = topl_0,

pentropy = pentropy, bettil = bettil, total_pers = total_pers))

}
## ---- Global FPCA + derivative norms (training-based) ----
compute_fda_features_global <- function(Y_windows, N_train, nharm = NHARM_FDA) {

N_total <- nrow(Y_windows)

W <- ncol(Y_windows)

## Training-only centering

Y_train <- Y_windows[1:N_train, drop = FALSE]

col_mean <- colMeans(Y_train, na.rm = TRUE)
Y_center_train <- sweep(Y_train, 2, col_mean, "-")

Y_center_all <- sweep(Y_windows, 2, col_mean, "-")

pc <- prcomp(Y_center_train, center = FALSE, scale. = FALSE)

nh_use <- min(nharm, ncol(pc$rotation))
if (nh_use < 1L) {
scores_all <- matrix(0, nrow = N_total, ncol = nharm)
} else {
loadings  <- pc$rotation[, 1:nh_use, drop = FALSE]
scores_all <- as.matrix(Y_center_all) %#*J loadings
if (nh_use < nharm) {
scores_all <- cbind(scores_all, matrix(0, nrow = N_total, ncol = nharm - nh_use))
}
}
colnames(scores_all) <- pasteO("fscore", 1:nharm)
tGrid <- seq(0, 1, length.out = W)
dt <- mean(diff (tGrid))
if (W >= 2L) {
dl <- t(apply(Y_windows, 1, diff)) / dt
} else {
dl <- matrix(0, nrow = N_total, ncol = 1)

}
if ((W - 1L) >= 2L) {
d2 <- t(apply(dl, 1, diff)) / dt
} else {
d2 <- matrix(0, nrow = N_total, ncol

1)
}
norm_dl <- sqrt(rowSums(d1~2) * dt)
norm_d2 <- sqrt(rowSums(d2-2) * dt)
fda_df <- data.frame(scores_all, norm_dl = norm_dl, norm_d2 = norm_d2)
return(fda_df)
}
## ---- Scaling helper ----
scale_train_test <- function(trainX, testX) {
mu <- apply(trainX, 2, mean)
sdv <- apply(trainX, 2, sd)
sdv[sdv == 0] <- 1
return(list(train = as.data.frame(scale(trainX, center = mu, scale = sdv)),
test = as.data.frame(scale(testX, center = mu, scale = sdv)),
mu = mu, sd = sdv))
}
## ---- Time-series (rolling-origin) folds ----
make_rolling_folds <- function(n, k = BL) {
fold_size <- floor(n / k)
out <- vector("list", k)
for (f in seq_len(k)) {
val_start <- (f - 1L) * fold_size + 1L
if (f < k) val_end <- f * fold_size else val_end <- n
val_idx <- val_start:val_end
train_idx <- 1L:(val_start - 1L)
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if (length(train_idx) < 30L) next
out[[f]] <- list(train = train_idx, val = val_idx)
}
return(Filter (Negate(is.null), out))
}
## ---- Threshold selection (Youden & F1) ----

find_thresholds <- function(y_true_bin, prob) {
ok <- which(is.finite(prob) & !is.na(y_true_bin))
y <- y_true_bin[ok]
p <- probl[ok]
thr_cand <- sort(unique(p))
thr_cand <- sort(unique(c(0, thr_cand, 1)))
<- -Inf; thr_ J <- 0.5
<- -Inf; thr_F1 <- 0.5
in thr_cand) {
<- as.integer(p >= th)

best_J

best_F1

for (th
y_hat
tp <-
tn <-
fp <-
fn <-

sum(y_hat ==

sum(y_hat

sum(y_hat ==

sum(y_hat

=1&y==1)
=0&y==0)
=1&y==0)
=0&y==1)

tpr <- ifelse(tp + fn == 0, 0, tp / (tp + fn))
tnr <- ifelse(tn + fp == 0, 0, tn / (tn + fp))

prec <-

rec
F1
J
if (J

<-
<-

> best_J)

best_J <- J

thr_

}

J <- th

ifelse(tp + fp == 0, 0, tp / (tp + £fp))
<- tpr
ifelse(prec + rec == 0, 0, 2 * prec * rec / (prec + rec))
tpr + tnr - 1

{

if (F1 > best_F1) {
best_F1 <- F1

thr_F1 <- th
}
}
return(list(thr_J = thr_J, thr_F1 = thr_F1))
}
## ---- Metrics at given threshold ----

compute_metrics <- function(y_true_bin, prob, thr) {
y_hat <- as.integer(prob >= thr)

tp <- sum(y_hat == 1 & y_true_bin == 1)

tn  <- sum(y_hat == 0 & y_true_bin == 0)

fp <- sum(y_hat == 1 & y_true_bin == 0)

fn  <- sum(y_hat == 0 & y_true_bin == 1)

acc <- (tp + tn) / (tp + tn + fp + fn)

prec <- ifelse(tp + fp == 0, 0, tp / (tp + £fp))

rec <- ifelse(tp + fn == 0, 0, tp / (tp + fn))

F1  <- ifelse(prec + rec == 0, 0, 2 * prec * rec / (prec + rec))

return(c(Accuracy = acc, Precision = prec, Recall = rec, F1 = F1))

}
## ---- Block-bootstrap AUC difference (model2 - modell), parallel ----

block_boot_auc_diff <- function(y_bin,

n <- length(y_bin)
stopifnot(length(pl) == n, length(p2) == n)
y_bin <- as.integer(y_bin)

diffs <- foreach(b = 1:B, .combine = c,

.packages = "pROC") Ydopar’ {
idx <- integer(0)
while (length(idx) < n) {

pl, p2, B = N_BOOT, block_len = BLOCK_LEN) {

start <- sample(l:max(1, n - block_len + 1), 1)

block <- start:min(start + block_len - 1L, n)

idx  <- c(idx, block)
}
idx <- idx[1:n]
rocl <- tryCatch(
PROC: :roc(response = y_bin[idx], predictor
quiet = TRUE, direction = "<"),
error = function(e) NULL
)
roc2 <- tryCatch(
PROC: :roc(response = y_bin[idx], predictor
quiet = TRUE, direction = "<"),
error = function(e) NULL

pilidx],

p2[idx],
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)
if (is.null(roc1l) || is.null(roc2)) return(NA_real_)
return(as.numeric(pROC: :auc(roc2) - pROC::auc(rocil)))

}
diffs <- diffs[is.finite(diffs)]
if (length(diffs) < 20L) {
return(list(diff_hat = NA_real_, ci_low = NA_real_, ci_high = NA_real_, p = NA_real_,
B_eff = length(diffs)))
}
diff_hat <- mean(diffs)
ci <- quantile(diffs, c(0.025, 0.975), na.rm = TRUE)
pval <- 2 * min(mean(diffs <= 0), mean(diffs >= 0))
return(list(diff_hat = diff_hat, ci_low = cil[1],
ci_high = ci[2], p = pval, B_eff = length(diffs)))
}
## ---- Block-bootstrap PR-AUC CI (parallel) ----
block_boot_pr_auc <- function(y_bin, prob, B = N_BOOT, block_len = BLOCK_LEN) {
n <- length(y_bin)
y_bin <- as.integer(y_bin)
aucs <- foreach(b = 1:B, .combine = c,
.packages = "PRROC") Ydopar’ {
idx <- integer(0)
while (length(idx) < n) {
start <- sample(l:max(1l, n - block_len + 1), 1)
block <- start:min(start + block_len - 1L, n)
idx  <- c(idx, block)
}
idx <- idx[1:n]
yb <- y_bin[idx]
pb <- probl[idx]
if (sum(yb == 1) == OL || sum(yb == 0) == OL) return(NA_real_)
prb <- tryCatch(
PRROC: :pr.curve(scores.classO = pb[yb == 1],
scores.classl = pb[yb == 0],
curve = FALSE),
error = function(e) NULL
)
if (is.null(prb)) return(NA_real_)
return(prb$auc. integral)
}
aucs <- aucs[is.finite(aucs)]
if (length(aucs) < 20L) {
return(list(est = NA_real_, ci_low = NA_real_, ci_high = NA_real_))
}
est <- mean(aucs)
ci <- quantile(aucs, c¢(0.025, 0.975), na.rm = TRUE)
return(list(est = est, ci_low = ci[1], ci_high = ci[2]))
}
## ---- ECE from calibration table ----
compute_ece_from_calib <- function(calib_df) {
calib_df <- calib_df[is.finite(calib_df$prob_mean) &
is.finite(calib_df$y_mean) &
calib_df$n_bin > 0, ]
if (nrow(calib_df) == OL) return(NA_real_)

w <- calib_df$n_bin / sum(calib_df$n_bin)
return(sum(w * abs(calib_df$y_mean - calib_df$prob_mean)))
}
## ---- Calibration (Brier + ECE) with fixed breaks ----
compute_calib <- function(prob_vec, y_bin, breaks) {
brier <- mean((prob_vec - y_bin)~2)
calib_df <- data.frame(prob = prob_vec, y = y_bin) %>
dplyr: :mutate(bin = cut(prob, breaks = breaks, include.lowest = TRUE, right = FALSE)) %>%
dplyr: :group_by(bin) %>%
dplyr: :summarise(
prob_mean = mean(prob),
y_mean = mean(y),
n_bin = dplyr::n(),
.groups = "drop"

ece <- compute_ece_from_calib(calib_df)

return(list(brier = brier, ece = ece, calib_df = calib_df))
}
##
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## 2. Build asset-level dataset (windows + TDA + global-FPCA + HAR 5/22/66)
##
build_asset_dataset <- function(sym) {

prc_obj <- get_prices(sym)

if (is.null(prc_obj)) return(NULL)

cp <- prc_obj$close

n_na_raw <- prc_obj$n_na_raw

## 2.1 Raw log returns

r_xts <- diff(log(cp))

r_xts <- na.omit(r_xts)

r <- as.numeric(r_xts)
dates_r <- index(r_xts)
n_r <- length(r)

## 2.2 Candidate window anchors (need WINDOW_LEN past, K_RV future)
idx_anchor <- seq(WINDOW_LEN, n_r - K_RV)
N_total <- length(idx_anchor)
if (N_total < 200L) {
warning (" [WARN] Too few windows after constraints: ", sym)
return(NULL)
}
## 2.3 Train/test split at window level
N_train <- floor (TRAIN_FRAC * N_total)
idx_anchor_train <- idx_anchor[1:N_train]
## 2.4 Training-only returns for preprocessing
idx_ret_train <- unique(unlist(
lapply(idx_anchor_train, function(i)
(i - WINDOW_LEN + 1L):(i + K_RV))
))
idx_ret_train <- idx_ret_train[idx_ret_train >= 1L &
idx_ret_train <= n_r]
r_train_all <- rl[idx_ret_train]
## 2.5 Winsorization
gs_r <- quantile(r_train_all, probs = c(0.01, 0.99), na.rm = TRUE)
r_win <- pmin(pmax(r, qs_r[1]), gs_r[2])
abs_r_win <- abs(r_win)
## 2.6 Forward volatility proxy: mean |r| over next K_RV days
rv_future <- rep(NA_real_, n_r)
for (t in 1:(n_r - K_RV)) {
rv_futurel[t] <- mean(abs_r_win[(t + 1L):(t + K_RV)])
}
## 2.7 Spike threshold from training anchors only
thr_spike <- quantile(rv_future[idx_anchor_train], probs = SPIKE_Q, na.rm =
## 2.8 Embedding parameters (train-only, |r|)
emb_par <- select_embedding_params(abs_r_win[idx_ret_train])
m_use <- emb_par$m
tau_use <- emb_par$tau
## 2.9 Pre-allocate
feat_tda <- matrix(0, nrow = N_total, ncol = 6)

TRUE)

colnames(feat_tda) <- c("topl_H1", "top2_H1", "topl_HO", "pentropy", "bettil", "total_pers")

Y_windows <- matrix(NA_real_, nrow = N_total, ncol = WINDOW_LEN)
labels <- integer(N_total)
har_d <- har_w <- har_m <- numeric(N_total)

message (" Windows: ", N_total,
" | train = ", N_train,
" | test = ", N_total - N_train)

## 2.10 Loop over anchors

for (idx in seq_along(idx_anchor)) {
i <- idx_anchor [idx]
w_id <- (i - WINDOW_LEN + 1L):i
y_win <- r_win[w_id]
Y_windows[idx, ] <- y_win
## TDA on |returns| in the window

feat_tdalidx, ] <- tda_features_safe(y_window = abs(y_win), dim_embed = m_use, tau

## HAR-type averages from the full winsorised |r| series
idx_d_start <- max(1L, i - 5L + 1L)
idx_w_start <- max(1L, i - 22L + 1L)
idx_m_start <- max(1L, i - 66L + 1L)
har_d[idx] <- mean(abs_r_win[idx_d_start:i])
har_w[idx] <- mean(abs_r_win[idx_w_start:i])
har_m[idx] <- mean(abs_r_win[idx_m_start:i])
labels[idx] <- as.integer(rv_future[i] > thr_spike)
}
## 2.11 FDA features via global FPCA
fda_df <- compute_fda_features_global(Y_windows, N_train = N_train, nharm

= NHARM_FDA)

= tau_use)
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feat_fda <- as.matrix(fda_df)
## 2.12 Assemble data.frame
df <- data.frame(Asset = sym, anchor_id = idx_anchor, date = as.Date(dates_r[idx_anchor]),
label = labels, rv_future = rv_futurel[idx_anchor], har_d = har_d,
har_w har_w, har_m = har_m, feat_tda, feat_fda, stringsAsFactors = FALSE)
df$set <- "train"
df$set [(N_train + 1L):N_total] <- "test"
return(list(data = d4f,
info = list(Asset = sym, n_raw = n_r, N_total = N_total, N_train = N_train,

N_test = N_total - N_train, winsor_lo = gs_r[1], winsor_hi = gs_r[2],
thr_spike = as.numeric(thr_spike), emb_m = m_use, emb_tau = tau_use,
n_na_raw = n_na_raw), r_win = r_win, dates_r = dates_r,
rv_future_full = rv_future, idx_anchor = idx_anchor))

}

#it

## 3. Models: RF (FDA/TDA/BOTH) + XGBoost (HAR) with rolling CV

#

## ---- Rolling RF with CV and OOF thresholds ----

run_rf_ts <- function(X_train, X_test, y_train_fac, folds, feature_set_name) {
n <- nrow(X_train)
p <- ncol(X_train)
grid_mtry <- sort(unique(
pmax (1L, pmin(p, c(floor(sqrt(p)), floor(p / 3), floor(p / 2))))
)
cv_res <- data.frame(mtry = integer(0), mean_auc = numeric(0), sd_auc = numeric(0))
for (mtry_val in grid_mtry) {
aucs <- numeric(length(folds))
for (f_idx in seq_along(folds)) {
£ <- folds[[f_idx]]
tr_idx <- f$train
va_idx <- f$val
X_tr <- X_train[tr_idx, drop = FALSE]
X_va <- X_train[va_idx, drop = FALSE]
y_tr <- y_train_fac[tr_idx]
y_va <- y_train_fac[va_idx]
sc <- scale_train_test(X_tr, X_va)
rf <- randomForest::randomForest(x = sc$train, y = y_tr, mtry = mtry_val, ntree = 500,
nodesize = 10, importance = FALSE)
prob_va <- predict(rf, sc$test, type = "prob")[, "spike"]
roc_va <- pROC::roc(response = y_va, predictor = prob_va, quiet = TRUE, direction = "<")
aucs[f_idx] <- as.numeric(pROC::auc(roc_va))
}

cv_res <- rbind(cv_res, data.frame(mtry = mtry_val, mean_auc = mean(aucs), sd_auc = sd(aucs)))

}
best_mtry <- cv_res$mtry[which.max(cv_res$mean_auc)]
## OOF predictions (best mtry)
oof_prob <- rep(NA_real_, n)
for (f in folds) {
tr_idx <- f$train
va_idx <- f$val
X_tr <- X_train[tr_idx, drop = FALSE]
X_va <- X_train[va_idx, drop = FALSE]
y_tr <- y_train_fac[tr_idx]

sc <- scale_train_test(X_tr, X_va)
rf <- randomForest::randomForest(x = sc$train, y = y_tr, mtry = best_mtry, ntree = 500, nodesize = 10)
prob_va <- predict(rf, sc$test, type = "prob")[, "spike"]
oof _prob[va_idx] <- prob_va
}
y_train_bin <- as.integer(y_train_fac == "spike")

thr_list <- find_thresholds(y_train_bin, oof_prob)
## Final fit on full training set
sc_full <- scale_train_test(X_train, X_test)
rf_final <- randomForest::randomForest (
x = sc_full$train, y = y_train_fac, mtry = best_mtry, ntree = 1000, nodesize = 10,
importance = TRUE
)
prob_test <- predict(rf_final, sc_full$test, type = "prob")[, "spike"]
return(list(
model_name = feature_set_name,
rf = rf_final,
mtry_best = best_mtry,
cv_table = cv_res,
oof _prob = oof_prob,
thr_J = thr_list$thr_J,
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thr_F1 = thr_list$thr_F1,
prob_test = prob_test,
scaler_mu = sc_full$mu,
scaler_sd = sc_full$sd
))
}
## ---- Rolling XGBoost with coarse grid + OOF thresholds ----
run_xgb_ts <- function(X_train, X_test, y_train_bin, y_train_fac, folds) {
n <- nrow(X_train)
xgb_grid <- expand.grid(max_depth
subsample = 0.8, colsample_bytree = 0.8)

best_mean_auc <- -Inf
best_row <- NULL
for (g in seq_len(nrow(xgb_grid))) {
params_g <- list(objective = "binary:logistic", eval_metric = "auc",
max_depth = xgb_grid$max_depth[g], eta = xgb_grid$etalg],
subsample = xgb_grid$subsample[g],
colsample_bytree = xgb_grid$colsample_bytree[gl)
nrounds_g <- xgb_grid$nrounds[g]
aucs <- numeric(length(folds))
for (f_idx in seq_along(folds)) {
f <- folds[[f_idx]]
tr_idx <- f$train
va_idx <- f$val
dtr <- xgboost::xgb.DMatrix(
data = X_train[tr_idx, drop = FALSE],
label = y_train_bin[tr_idx]
)
dva <- xgboost::xgb.DMatrix(
data = X_train[va_idx, drop = FALSE],
label = y_train_bin[va_idx]

)

xgb_fit_cv <- xgboost::xgb.train(
params = params_g,
data = dtr,

nrounds = nrounds_g,
verbose = 0
)
pred_va <- predict(xgb_fit_cv, dva)
roc_va <- pROC::roc(response = y_train_fac[va_idx],
predictor = pred_va,
quiet = TRUE, direction = "<")
aucs[f_idx] <- as.numeric(pROC::auc(roc_va))
}
mean_auc <- mean(aucs)
if (mean_auc > best_mean_auc) {
best_mean_auc <- mean_auc
best_row <- list(max_depth = xgb_grid$max_depth[g], eta = xgb_grid$etalgl,
nrounds = nrounds_g, subsample = xgb_grid$subsamplelg],
colsample_bytree = xgb_grid$colsample_bytreelg],
mean_auc = mean_auc, sd_auc = sd(aucs))

}
}
best_params <- list(objective = "binary:logistic", eval_metric = "auc",
max_depth = best_row$max_depth, eta = best_row$eta,
subsample = best_row$subsample,
colsample_bytree = best_row$colsample_bytree)
best_nrounds <- best_row$nrounds
## OOF predictions
oof_prob <- rep(NA_real_, n)
for (f in folds) {
tr_idx <- f$train
va_idx <- f$val
dtr <- xgboost::xgb.DMatrix(
data = X_train[tr_idx, drop = FALSE],
label = y_train_bin[tr_idx]
)
dva <- xgboost::xgb.DMatrix(
data = X_train[va_idx, drop = FALSE],
label = y_train_bin[va_idx]
)
xgb_fit_fold <- xgboost::xgb.train(
params = best_params,
data = dtr,

c(2L, 3L), eta = c(0.05, 0.10), nrounds = c(200L, 400L),
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nrounds best_nrounds,
verbose = 0
)
oof_prob[va_idx] <- predict(xgb_fit_fold, dva)
}
thr_list <- find_thresholds(y_train_bin, oof_prob)
## Final fit
dtrain <- xgboost::xgb.DMatrix(data = X_train, label = y_train_bin)
dtest <- xgboost::xgb.DMatrix(data = X_test)
xgb_final <- xgboost::xgb.train(
params = best_params,
data = dtrain,
nrounds = best_nrounds,
verbose = 0
)
prob_test <- as.numeric(predict(xgb_final, dtest))
return(list(

model_name = "xgb",
xgb = xgb_final,
cv_table = data.frame(max_depth = best_row$max_depth, eta = best_row$eta,

nrounds = best_row$nrounds, mean_auc best_row$mean_auc,
sd_auc = best_row$sd_auc),
oof _prob = oof_prob,
thr_J = thr_list$thr_J,
thr_F1 = thr_list$thr_F1,
prob_test = prob_test,
params = best_params,
nrounds = best_nrounds
))
}
## ---- Fit all models for one asset (including calib & tests) ----
fit_models_for_asset <- function(asset_obj) {
df <- asset_obj$data
sym <- unique(df$Asset)
info <- asset_obj$info
train_df <- df[df$set == "train", ]
test_df <- df[df$set == "test", ]
y_train <- train_df$label
y_test <- test_df$label

y_train_fac <- factor(ifelse(y_train == 1, "spike", "normal"),
levels = c("normal", "spike"))

y_test_fac <- factor(ifelse(y_test == 1, "spike", "normal"),
levels = c("normal", "spike"))

y_train_bin <- as.integer(y_train_fac == "spike")

y_test_bin <- as.integer(y_test_fac == "spike")

cols_tda <- c("topi_H1", "top2_H1i", "topl_HO",
"pentropy", "bettil", "total_pers")
cols_fda <- c(pasteO("fscore", 1:NHARM_FDA), "norm_di", "norm_d2")
cols_har <- c("har_d", "har_w", "har_m")
X_train_tda <- as.matrix(train_df[, cols_tda, drop = FALSE])
X_train_fda <- as.matrix(train_df[, cols_fda, drop = FALSE])
X_train_both <- as.matrix(train_df[, c(cols_tda, cols_fda, cols_har), drop = FALSE])
X_train_xgb <- as.matrix(train_df[, cols_har, drop = FALSE])
X_test_tda <- as.matrix(test_df[, cols_tda, drop = FALSE])
X_test_fda <- as.matrix(test_df[, cols_fda, drop = FALSE])
X_test_both <- as.matrix(test_df[, c(cols_tda, cols_fda, cols_har), drop = FALSE])
X_test_xgb <- as.matrix(test_df[, cols_har, drop = FALSE])

folds <- make_rolling_folds(length(y_train), k = 5L)
## --- RF Models ---
mod_fda <- run_rf_ts(X_train = X_train_fda, X_test = X_test_fda,

y_train_fac = y_train_fac, folds = folds, feature_set_name = "fda")
mod_tda <- run_rf_ts(X_train = X_train_tda, X_test = X_test_tda,

y_train_fac = y_train_fac, folds = folds, feature_set_name = "tda")
mod_both <- run_rf_ts(X_train = X_train_both, X_test = X_test_both,

y_train_fac = y_train_fac, folds = folds, feature_set_name = "both")

## --- XGBoost (HAR benchmark) ---

mod_xgb <- run_xgb_ts(X_train = X_train_xgb, X_test = X_test_xgb,
y_train_bin = y_train_bin, y_train_fac = y_train_fac, folds = folds)

## --- Thresholds for test set metrics (based on 00F Fl-opt) ---

thr_fda <- mod_fda$thr_F1i

thr_tda <- mod_tda$thr_F1

thr_both <- mod_both$thr_F1

thr_xgb <- mod_xgb$thr_F1

met_fda <- compute_metrics(y_test_bin, mod_fda$prob_test, thr_fda)

205
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met_tda <-
met_both <-
met_xgb <-
## --- Calib
oof _ref <- ¢
oof_ref <- o

Sozen

compute_metrics(y_test_bin,
compute_metrics(y_test_bin,

mod_tda$prob_test, thr_tda)
mod_both$prob_test, thr_both)
compute_metrics(y_test_bin, mod_xgb$prob_test, thr_xgb)
ration breaks (based on ALL OOF predictions) ---
(mod_fda$oof _prob, mod_tda$oof_prob, mod_both$oof_prob)
of _ref[is.finite(oof_ref)]

prob_breaks <- quantile(oof_ref, probs = seq(0, 1, length.out = B_BIN + 1), na.rm = TRUE)
prob_breaks[1] <- 0
prob_breaks[length(prob_breaks)] <- 1
## --- Calibration on test set ---
calib_fda <- compute_calib(mod_fda$prob_test, y_test_bin, prob_breaks)
calib_tda <- compute_calib(mod_tda$prob_test, y_test_bin, prob_breaks)
calib_both <- compute_calib(mod_both$prob_test, y_test_bin, prob_breaks)
calib_xgb <- compute_calib(mod_xgb$prob_test, y_test_bin, prob_breaks)
## --- ROC / PR metrics on test set ---
prob_fda <- mod_fda$prob_test
prob_tda <- mod_tda$prob_test
prob_both <- mod_both$prob_test
prob_xgb <- mod_xgb$prob_test
roc_fda <- pROC::roc(y_test_fac, prob_fda, quiet = TRUE, direction = "<")
roc_tda <- pROC::roc(y_test_fac, prob_tda, quiet = TRUE, direction = "<")
roc_both <- pROC::roc(y_test_fac, prob_both, quiet = TRUE, direction = "<")
roc_xgb  <- pROC::roc(y_test_fac, prob_xgb, quiet = TRUE, direction = "<")
auc_fda  <- as.numeric(pROC::auc(roc_fda))
auc_tda <- as.numeric(pROC: :auc(roc_tda))
auc_both <- as.numeric(pROC::auc(roc_both))
auc_xgb  <- as.numeric(pROC::auc(roc_xgb))
ci_fda <- as.numeric(pROC::ci.auc(roc_fda, method = "delong"))
ci_tda <- as.numeric(pROC::ci.auc(roc_tda, method = "delong"))
ci_both <- as.numeric(pROC::ci.auc(roc_both, method = "delong"))
ci_xgb <- as.numeric(pROC::ci.auc(roc_xgb, method = "delong"))
## PR-AUC + block-bootstrap CIs
pr_fda <- PRROC::pr.curve(scores.classO = prob_fdal[y_test_bin == 1],
scores.classl = prob_fdal[y_test_bin == 0], curve = FALSE)
pr_tda <- PRROC::pr.curve(scores.classO = prob_tdal[y_test_bin == 1],
scores.classl = prob_tdal[y_test_bin == 0], curve = FALSE)
pr_both <- PRROC::pr.curve(scores.classO = prob_both[y_test_bin == 1],
scores.classl = prob_both[y_test_bin == 0], curve = FALSE)
pr_xgb <- PRROC::pr.curve(scores.class0 = prob_xgb[y_test_bin == 1],
scores.classl = prob_xgb[y_test_bin == 0], curve = FALSE)
bb_pr_fda <- block_boot_pr_auc(y_test_bin, prob_fda)
bb_pr_tda <- block_boot_pr_auc(y_test_bin, prob_tda)
bb_pr_both <- block_boot_pr_auc(y_test_bin, prob_both)
bb_pr_xgb <- block_boot_pr_auc(y_test_bin, prob_xgb)
## AUC differences (Delong)
del_fda_tda <- pROC::roc.test(roc_fda, roc_tda, method = "delong",
alternative = "two.sided", asymptotic = TRUE, quiet = TRUE)
del_tda_both <- pROC::roc.test(roc_tda, roc_both, method = "delong",
alternative = "two.sided", asymptotic = TRUE, quiet = TRUE)
del_fda_both <- pROC::roc.test(roc_fda, roc_both, method = "delong",
alternative = "two.sided", asymptotic = TRUE, quiet = TRUE)
del_xgb_both <- pROC::roc.test(roc_xgb, roc_both, method = "delong",
alternative = "two.sided", asymptotic = TRUE, quiet = TRUE)

## AUC diffe
bb_fda_tda

bb_tda_both
bb_fda_both
bb_xgb_both
return(list(

pr_aucs =
fda = 1i
tda 1i
both = 1
xgb = 1i
metrics_

delong =

bb = lis

rences (Block Bootstrap)

<- block_boot_auc_diff(y_test_bin, prob_fda, prob_tda)
<- block_boot_auc_diff(y_test_bin, prob_tda, prob_both)
<- block_boot_auc_diff(y_test_bin, prob_fda, prob_both)
<- block_boot_auc_diff(y_test_bin, prob_xgb, prob_both)

Asset sym, y_test_bin = y_test_bin,

prob_fda = prob_fda, prob_tda = prob_tda, prob_both = prob_both, prob_xgb = prob_xgb,

roc_fda = roc_fda, roc_tda = roc_tda, roc_both = roc_both, roc_xgb = roc_xgb,

aucs = list(fda = list(auc = auc_fda, ci = ci_fda), tda = list(auc = auc_tda, ci = ci_tda),
both = list(auc = auc_both, ci = ci_both), xgb = list(auc = auc_xgb, ci = ci_xgb)),

list(

st(est = pr_fda$auc.integral, ci_low = bb_pr_fda$ci_low, ci_high = bb_pr_fda$ci_high),

st(est = pr_tda$auc.integral, ci_low = bb_pr_tda$ci_low, ci_high = bb_pr_tda$ci_high),

ist(est = pr_both$auc.integral, ci_low = bb_pr_both$ci_low, ci_high = bb_pr_both$ci_high),

st(est = pr_xgb$auc.integral, ci_low = bb_pr_xgb$ci_low, ci_high = bb_pr_xgb$ci_high)),
F1 list(fda = c(Threshold = thr_fda, met_fda), tda = c(Threshold = thr_tda, met_tda),
both = c(Threshold = thr_both, met_both), xgb = c(Threshold = thr_xgb, met_xgb)),
list(fda_vs_tda del_fda_tda, tda_vs_both = del_tda_both,
fda_vs_both = del_fda_both, xgb_vs_both = del_xgb_both),
t(fda_vs_tda = bb_fda_tda, tda_vs_both = bb_tda_both,
fda_vs_both = bb_fda_both, xgb_vs_both = bb_xgb_both),
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calib = list(fda = calib_fda, tda = calib_tda, both = calib_both, xgb = calib_xgb),
models = list(fda = mod_fda, tda = mod_tda, both = mod_both, xgb = mod_xgb),
calib_breaks = prob_breaks

)

X

##

## 4. Descriptive tables & plots
##

## ---- Feature descriptives ----

compute_feature_descriptives <- function(asset_obj) {
df <- asset_obj$data
sym <- unique(df$Asset)
cols_all <- c("har_d", "har_w", "har_m", "topl_H1", "top2_H1", "topl_HO", ‘"pentropy", "bettil",
"total_pers", pasteO("fscore", 1:NHARM_FDA), "norm_d1", "norm_d2")
res_list <- lapply(cols_all, function(col) {
x_train <- df[df$set == "train", coll
x_test <- df[df$set == "test", coll
data.frame (
Asset = sym,
Feature = col,
Mean_train = mean(x_train, na.rm = TRUE),
SD_train = sd(x_train, na.rm = TRUE),
Skewness_train = moments::skewness(x_train, na.rm = TRUE),
Kurtosis_train = moments::kurtosis(x_train, na.rm TRUE) ,
Mean_test = mean(x_test, na.rm = TRUE),
SD_test = sd(x_test, na.rm = TRUE),
stringsAsFactors = FALSE
)
b
return(do.call(rbind, res_list))
¥
## ---- Feature boxplot for fscorel/har_d by class ----
plot_feature_by_class <- function(asset_res) {
sym <- asset_res$Asset
df <- asset_res$models$both$rf$model %>%
dplyr::select(label, fscorel, har_d) %>
dplyr: :mutate(label = factor(label))
pl <- ggplot2::ggplot(df, aes(x = factor(label), y = har_d, fill = factor(label))) +
ggplot2::geom_violin(alpha = 0.4) +
ggplot2: :geom_boxplot(width = 0.15, outlier.size = 0.5) +
ggplot2::scale_x_discrete(labels = c("normal", "spike")) +
ggplot2::labs(x = "Class", y = "HAR daily (har_d)", title = pasteO(sym, " - HAR: har_d by class")) +
ggplot2: :theme_minimal() +
ggplot2: :theme(legend.position = "none")
p2 <- ggplot2::ggplot(df, aes(x = factor(label), y = fscorel, fill = factor(label))) +
ggplot2::geom_violin(alpha = 0.4) +
ggplot2: :geom_boxplot(width = 0.15, outlier.size = 0.5) +
ggplot2::scale_x_discrete(labels = c("normal", "spike")) +
ggplot2::labs(x = "Class", y = "FPCA score 1", title = pasteO(sym, " - FDA: fscorel by class")) +
ggplot2: :theme_minimal() +
ggplot2: :theme(legend.position = "none")
return(cowplot: :plot_grid(pl, p2, ncol = 2))
}
## ---- ROC plot for RF + XGBoost ----
plot_roc_four <- function(asset_res) {
sym <- asset_res$Asset
roc_fda <- asset_res$roc_fda
roc_tda <- asset_res$roc_tda
roc_both <- asset_res$roc_both
roc_xgb <- asset_res$roc_xgb
df _roc <- rbind(

data.frame(model = "FDA", TPR = rev(roc_fda$sensitivities), FPR = rev(l - roc_fda$specificities)),
data.frame(model = "TDA", TPR = rev(roc_tda$sensitivities), FPR = rev(l - roc_tda$specificities)),
data.frame(model = "BOTH", TPR = rev(roc_both$sensitivities), FPR = rev(l - roc_both$specificities)),
data.frame(model = "XGBoost", TPR = rev(roc_xgb$sensitivities), FPR = rev(l - roc_xgb$specificities))

)

p_roc <- ggplot2::ggplot(df_roc, aes(x = FPR, y = TPR, color = model)) +
ggplot2::geom_line(linewidth = 1) +
ggplot2: :geom_abline(slope = 1, intercept = 0, linetype = "dashed") +
ggplot2::coord_equal() +
ggplot2::labs(title = pasteO(sym, " - ROC curves (test set)"),

x = "False positive rate", y = "True positive rate") +

ggplot2: :theme_minimal ()
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return(p_roc)
}
## ---- Calibration plot for BOTH ----
plot_calibration <- function(asset_res) {
sym <- asset_res$Asset
calib_df <- asset_res$calib$both$calib_df
p_calib <- ggplot2::ggplot(calib_df, aes(x = prob_mean, y = y_mean)) +
ggplot2::geom_abline(slope = 1, intercept = 0, linetype = "dashed") +
ggplot2: :geom_point () +
ggplot2::geom_line() +

ggplot2::labs(title = pasteO(sym, " - Calibration (BOTH, test)"),
x = "Predicted probability (bin mean)",
y = "Observed spike frequency") +

ggplot2: :theme_minimal ()
return(p_calib)
}
##
## 5. Main loop over assets (empirical study)
##
asset_objects <- list()
results_models <- 1list()
desc_list <- list()
study_rows <- list()
cv_rows <- list()
perf_rows <- list()
auc_rows <- list()
emb_rows <- list()
calib_rows <- list()
for (sym in ASSETS) {
ao <- build_asset_dataset(sym)
if (is.null(ao)) next
asset_objects[[sym]] <- ao
info <- ao$info
df <- ao$data
train_df <- df[df$set == "train", ]
test_df <- df[df$set == "test", 1]
## Study sample summary
study_rows[[sym]] <- data.frame(
Asset = sym, Total_Days = info$n_raw,
Start_Date = min(df$date), End_Date = max(df$date),
N_Windows_Total = info$N_total, N_Windows_Train = info$N_train,
N_Windows_Test = info$N_test,

Spike_Ratio_train = mean(train_df$label == 1), Spike_Count_test = sum(test_df$label == 1),
Normal_Count_test = sum(test_df$label == 0), Spike_Ratio_test = mean(test_df$label == 1))

## Embedding / winsorization summary
emb_rows[[sym]] <- data.frame(
Asset = sym, m = info$emb_m, tau = info$emb_tau,
winsor_lo = info$winsor_lo, winsor_hi = info$winsor_hi, thr_spike = info$thr_spike)
desc_list[[sym]] <- compute_feature_descriptives(ao)
res <- fit_models_for_asset (ao)
results_models[[sym]] <- res
## CV summary (RF only)
for (mname in c("fda", "tda", "both")) {
mod <- res$models[[mname]]
cv_table <- mod$cv_table
cv_best <- cv_table[which.max(cv_table$mean_auc), ]
cv_rows[[paste(sym, mname, sep = "_")]] <- data.frame(
Asset = sym, ModelName = mname, mtry = mod$mtry_best,
CV_ROC_AUC_mean = cv_best$mean_auc,
CV_ROC_AUC_sd = cv_best$sd_auc)
}
N_test <- length(res$y_test_bin)
pm <- res$pr_aucs
mf <- res$metrics_F1
cal <- res$calib
## Performance table
perf_rows[[sym]] <- rbind(
data.frame(
Asset = sym, Model = "FDA", N_test = N_test,
AUC = res$aucs$fda$auc, CI_low = res$aucs$fda$cill],
CI_high = res$aucs$fda$cil3],
PR_AUC = pm$fda$est, PR_CI_low = pm$fda$ci_low,
PR_CI_high = pm$fdag$ci_high, t(mf$fda)),
data.frame(
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Asset = sym, Model = "TDA", N_test = N_test,

AUC = res$aucs$tda$auc, CI_low = res$aucs$tda$cil[1],
CI_high = res$aucs$tda$cil3],

PR_AUC = pm$tda$est, PR_CI_low = pm$tda$ci_low,
PR_CI_high = pm$tda$ci_high, t(mf$tda)),

data.frame(
Asset = sym, Model = "BOTH", N_test = N_test,
AUC = res$aucs$both$auc, CI_low = res$aucs$both$cil1],
CI_high = res$aucs$both$cil3],
PR_AUC = pm$both$est, PR_CI_low = pm$both$ci_low,
PR_CI_high = pm$both$ci_high, t(mf$both)),
data.frame(
Asset = sym, Model = "XGBoost", N_test = N_test,
AUC = res$aucs$xgb$auc, CI_low = res$aucs$xgb$cili],
CI_high = res$aucs$xgb$cil3],
PR_AUC = pm$xgb$est, PR_CI_low = pm$xgb$ci_low,
PR_CI_high = pm$xgb$ci_high, t(mf$xgb)))
bb_dat <- res$bb
## AUC comparison table
auc_rows[[sym]] <- rbind(
data.frame(
Asset = sym, Comparison = "FDA_vs_TDA",
AUC_Diff_DelLong = res$delong$fda_vs_tda$estimate,
Pval_Delong = res$delong$fda_vs_tda$p.value,
AUC_Diff_BB = bb_dat$fda_vs_tda$diff_hat,
BB_CI_low = bb_dat$fda_vs_tda$ci_low,
BB_CI_high = bb_dat$fda_vs_tda$ci_high,
BB_Pval = bb_dat$fda_vs_tda$p,
BB_B_eff = bb_dat$fda_vs_tda$B_eff),
data.frame(
Asset = sym, Comparison = "TDA_vs_BOTH",
AUC_Diff_DeLong = res$delong$tda_vs_both$estimate,
Pval_Delong = res$delong$tda_vs_both$p.value,
AUC_Diff_BB = bb_dat$tda_vs_both$diff_hat,
BB_CI_low = bb_dat$tda_vs_both$ci_low,
BB_CI_high = bb_dat$tda_vs_both$ci_high,
BB_Pval = bb_dat$tda_vs_both$p,
BB_B_eff = bb_dat$tda_vs_both$B_eff),
data.frame(
Asset = sym, Comparison = "FDA_vs_BOTH",
AUC_Diff_DeLong = res$delong$fda_vs_both$estimate,
Pval_DelLong = res$delong$fda_vs_both$p.value,
AUC_Diff_BB = bb_dat$fda_vs_both$diff_hat,
BB_CI_low = bb_dat$fda_vs_both$ci_low,
BB_CI_high = bb_dat$fda_vs_both$ci_high,
BB_Pval = bb_dat$fda_vs_both$p,
BB_B_eff = bb_dat$fda_vs_both$B_eff),
data.frame(
Asset = sym, Comparison = "XGB_vs_BOTH",
AUC_Diff_DeLong = res$delong$xgb_vs_both$estimate,
Pval_Delong = res$delong$xgb_vs_both$p.value,
AUC_Diff_BB = bb_dat$xgb_vs_both$diff_hat,
BB_CI_low = bb_dat$xgb_vs_both$ci_low,
BB_CI_high = bb_dat$xgb_vs_both$ci_high,
BB_Pval = bb_dat$xgb_vs_both$p,
BB_B_eff = bb_dat$xgb_vs_both$B_eff))
## Calibration table
calib_rows[[sym]] <- rbind(
data.frame(Asset = sym, Model = "FDA", Brier = cal$fda$brier, ECE = cal$fda$ece),
data.frame(Asset = sym, Model = "TDA", Brier = cal$tda$brier, ECE = cal$tda$ece),
data.frame(Asset = sym, Model = "BOTH", Brier = cal$both$brier, ECE = cal$both$ece),
data.frame(Asset = sym, Model = "XGBoost", Brier = cal$xgb$brier, ECE = cal$xgb$ece))
## Plots
g_roc <- plot_roc_four(res)
g_cal <- plot_calibration(res)
g_feat <- plot_feature_by_class(res)
geplot2: :ggsave(file.path(PLOTDIR, pasteO("Fig ROC_", sym, ".png")), g_roc,
width = 7, height = 5, dpi = 300)
ggplot2: :ggsave(file.path(PLOTDIR, pasteO("Fig_Calibration_", sym, ".png")), g_cal,
width = 7, height = 5, dpi = 300)
ggplot2: :ggsave(file.path(PLOTDIR, pasteO("Fig_FeatureSummaries_", sym, ".png")), g_feat,
width = 8, height = 4, dpi = 300)
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## ---- Write empirical tables ----
Table_Study_Sample <- do.call(rbind, study_rows)
write.csv(Table_Study_Sample, file = file.path(TABDIR, "Table_Study_Sample.csv"), row.names = FALSE)
Table_Embedding_Params <- do.call(rbind, emb_rows)
write.csv(Table_Embedding Params, file = file.path(TABDIR, "Table_Embedding_Params.csv"),
row.names = FALSE)
Table_Feature_Descriptives <- do.call(rbind, desc_list)
write.csv(Table_Feature_Descriptives, file = file.path(TABDIR, "Table_Feature_Descriptives.csv"),
row.names = FALSE)
Table_RandomForest_CV <- do.call(rbind, cv_rows)
write.csv(Table_RandomForest_CV, file = file.path(TABDIR, "Table_RandomForest_CV.csv"), row.names = FALSE)
Table_Main_Performance <- do.call(rbind, perf_rows)
write.csv(Table_Main_Performance, file = file.path(TABDIR, "Table_Main_Performance.csv"), row.names = FALSE)
Table_AUC_Comparisons <- do.call(rbind, auc_rows)
write.csv(Table_AUC_Comparisons, file = file.path(TABDIR, "Table_AUC_Comparisons.csv"), row.names = FALSE)
Table_Calibration <- do.call(rbind, calib_rows)
write.csv(Table_Calibration, file = file.path(TABDIR, "Table_Calibration.csv"), row.names = FALSE)
message ("Real-data method finished. Tables in ", TABDIR, " | Plots in ", PLOTDIR)
##
## 6. Regime-GARCH simulation with Student-t innovations
## and same spike label as in empirical study
##
## ---- Regime-GARCH(1,1) simulator ----
simulate_regime_garch_series <- function(N = 6000L, par = NULL) {
if (is.null(par)) {
par <- c(omega_1 = 1e-06, alpha_1
alpha_2 = 0.08, beta_2 =

= 0.05, beta_1l = 0.85, nu_1 = 5,omega_2 = 1e-05,
0.80, nu_2 = 10,p_11 = 0.99, p_22 = 0.90)

}

if (N <= 3L) stop("N must be > 3")

omega <- c(par["omega_1"], par["omega_2"])

alpha <- c(par["alpha_1"], par["alpha_2"])

beta <- c(par["beta_1"], par["beta_2"])

nu <- c(par["nu_1"], par["nu_2"])

P <- matrix(c(par["p_11"], 1 - par["p_11"], 1 - par["p_22"], par["p_22"1), nrow = 2, byrow = TRUE)
state <- rep(iL, N)

r <- rep(NA_real_, N)

sig2 <- rep(NA_real_, N)
state[1] <- 1L # Start in regime 1
# Initialize variance and return
sig2[1] <- omegalstate[1]] / (1 - alphalstate[1]] - betalstate[1]])
r[1] <- sqrt(sig2[1]) * rt(1, df = nulstate[1]])
for (t in 2:N) {
# Regime transition
state[t] <- sample(1:2, 1, prob = P[state[t - 1], 1)
s <- state[t]
# GARCH update
sig2[t] <- omegals] + alphals] * r[t - 1]°2 + betals] * sig2[t - 1]
# Standardized innovation (Student-t)
z <- rt(1, df = nuls])
# Return
r[t] <- sqrt(sig2[t]) * z
}
return(list(r = r, state = state))
}
run_simulation_scenario <- function(scen_name = "RegimeGARCH", N = 6000L) {
sim <- simulate_regime_garch_series(N = N)
r <- sim$r
true_reg <- sim$state
dates_r <- seq.Date(from = as.Date("2000-01-01"), by = "day", length.out = length(r))
n_r <- length(x)
## Window creation/anchors (same as empirical)
idx_anchor <- seq(WINDOW_LEN, n_r - K_RV)
N_total <- length(idx_anchor)
N_train <- floor(TRAIN_FRAC * N_total)
idx_anchor_train <- idx_anchor[1:N_train]

## Training-only returns for preprocessing

idx_ret_train <- unique(unlistlapply(idx_anchor_train, function(i) (i - WINDOW_LEN + 1L):(i + K_RV))))
idx_ret_train <- idx_ret_train[idx_ret_train >= 1L & idx_ret_train <= n_r]

r_train_all <- rl[idx_ret_train]

## Winsorization

gs_r <- quantile(r_train_all, probs = c(0.01, 0.99), na.rm = TRUE)

r_win <- pmin(pmax(r, qs_r[1]), gs_r[2])

abs_r_win <- abs(r_win)
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## Forward volatility proxy & Spike threshold
rv_future <- rep(NA_real_, n_r)
for (t in 1:(n_r - K_RV)) {
rv_future[t] <- mean(abs_r_win[(t + 1L):(t + K_RV)])
}
thr_spike <- quantile(rv_future[idx_anchor_train], probs = SPIKE_Q, na.rm = TRUE)
## Embedding parameters
emb_par <- select_embedding_params(abs_r_win[idx_ret_train])
m_use <- emb_par$m
tau_use <- emb_par$tau
## Pre-allocate
feat_tda <- matrix(0, nrow = N_total, ncol = 6)
colnames(feat_tda) <- c("topl_H1", "top2_H1", "topl_HO", "pentropy", "bettil", "total_pers")
Y_windows <- matrix(NA_real_, nrow = N_total, ncol = WINDOW_LEN)
har_d <- har_w <- har_m <- numeric(N_total)
labels <- integer(N_total)
message (" [SIM] Scenario = ", scen_name, " | Windows: ", N_total,
" | train = ", N_train, " | test = ", N_total - N_train)
## Loop over anchors
for (idx in seq_along(idx_anchor)) {
i <- idx_anchor [idx]
w_id <- (i - WINDOW_LEN + 1L):i
y_win <- r_win[w_id]
Y_windows[idx, ] <- y_win
## TDA on |returns| in the window
feat_tdalidx, ] <- tda_features_safe(y_window = abs(y_win), dim_embed = m_use, tau = tau_use)
## HAR-type averages
idx_d_start <- max(1L, i - 5L + 1L)
idx_w_start <- max(1L, i - 22L + 1L)
idx_m_start <- max(1L, i - 66L + 1L)
har_d[idx] <- mean(abs_r_win[idx_d_start:i])
har_w[idx] <- mean(abs_r_win[idx_w_start:i])
har_m[idx] <- mean(abs_r_win[idx_m_start:i])
labels[idx] <- as.integer(rv_future[i] > thr_spike)
}
## FDA features via global FPCA
fda_df <- compute_fda_features_global(Y_windows, N_train = N_train, nharm = NHARM_FDA)
## Assemble data.frame
sim_df <- data.frame(

Asset = scen_name, anchor_id = idx_anchor,

date = dates_r[idx_anchor], label = labels,
rv_future = rv_future[idx_anchor], har_d = har_d,
har_w = har_w, har_m = har_m,

feat_tda, fda_df, stringsAsFactors = FALSE)
sim_df$set <- "train"
sim_df$set [(N_train + 1L):N_total] <- "test"
info_list <- list(
Asset = scen_name, n_raw = n_r,
N_total = N_total, N_train = N_train, N_test = N_total - N_train,
winsor_lo = gs_r[1], winsor_hi = gs_r[2],
thr_spike = as.numeric(thr_spike),
emb_m = m_use, emb_tau = tau_use, n_na_raw = OL)
return(list(
data = sim_df, info = info_list, r_win = r_win, dates_r = dates_r,
rv_future_full = rv_future, idx_anchor = idx_anchor))
}
## ---- Run simulation, tables & plots ----
sim_obj <- run_simulation_scenario("RegimeGARCH")
sim_res <- fit_models_for_asset(sim_obj)
N_test_sim <- length(sim_res$y_test_bin)
pm_sim <- sim_res$pr_aucs
mf_sim <- sim_res$metrics_F1
del_sim <- sim_res$delong
bb_sim <- sim_res$bb
cal_sim <- sim_res$calib
## Performance table
Table_Sim_Performance <- rbind(
data.frame(
Scenario = "RegimeGARCH", Model = "FDA", N_test = N_test_sim,
AUC = sim_res$aucs$fdadauc, CI_low = sim_res$aucs$fda$cil[1],
CI_high = sim_res$aucs$fda$cil3],
PR_AUC = pm_sim$fda$est, PR_CI_low = pm_sim$fda$ci_low,
PR_CI_high = pm_sim$fda$ci_high, t(mf_sim$fda)),
data.frame(
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Scenario = "RegimeGARCH", Model = "TDA", N_test = N_test_sim,
AUC = sim_res$aucs$tda$auc, CI_low = sim_res$aucs$tda$cili],
CI_high = sim_res$aucs$tda$cil3],

PR_AUC = pm_sim$tda$est, PR_CI_low = pm_sim$tda$ci_low,
PR_CI_high = pm_sim$tda$ci_high, t(mf_sim$tda)),

data.frame(
Scenario = "RegimeGARCH", Model = "BOTH", N_test = N_test_sim,
AUC = sim_res$aucs$both$auc, CI_low = sim_res$aucs$both$cil1],
CI_high = sim_res$aucs$both$ci[3],
PR_AUC = pm_sim$both$est, PR_CI_low = pm_sim$both$ci_low,
PR_CI_high = pm_sim$both$ci_high, t(mf_sim$both)),
data.frame (
Scenario = "RegimeGARCH", Model = "XGBoost", N_test = N_test_sim,
AUC = sim_res$aucs$xgb$auc, CI_low = sim_res$aucs$xgb$cill],
CI_high = sim_res$aucs$xgb$cil3],
PR_AUC = pm_sim$xgb$est, PR_CI_low = pm_sim$xgb$ci_low,
PR_CI_high = pm_sim$xgb$ci_high, t(mf_sim$xgb)))
## AUC comparison table
Table_Sim_AUC_Comparisons <- rbind(
data.frame(
Scenario = "RegimeGARCH", Comparison = "FDA_vs_TDA",
AUC_Diff_Delong = del_sim$fda_vs_tda$estimate,
Pval_DeLong = del_sim$fda_vs_tda$p.value, AUC_Diff BB = bb_sim$fda_vs_tda$diff_hat,
BB_CI_low = bb_sim$fda_vs_tda$ci_low, BB_CI_high = bb_sim$fda_vs_tda$ci_high,
BB_Pval = bb_sim$fda_vs_tda$p, BB_B_eff = bb_sim$fda_vs_tda$B_eff),
data.frame (
Scenario = "RegimeGARCH", Comparison = "TDA_vs_BOTH",
AUC_Diff_DelLong = del_sim$tda_vs_both$estimate,
Pval_DeLong = del_sim$tda_vs_both$p.value, AUC_Diff_BB = bb_sim$tda_vs_both$diff_hat,
BB_CI_low = bb_sim$tda_vs_both$ci_low, BB_CI_high = bb_sim$tda_vs_both$ci_high,
BB_Pval = bb_sim$tda_vs_both$p, BB_B_eff = bb_sim$tda_vs_both$B_eff),
data.frame(
Scenario = "RegimeGARCH", Comparison = "FDA_vs_BOTH",
AUC_Diff_DelLong = del_sim$fda_vs_both$estimate,
Pval_DelLong = del_sim$fda_vs_both$p.value,
AUC_Diff_BB = bb_sim$fda_vs_both$diff_hat, BB_CI_low = bb_sim$fda_vs_both$ci_low,
BB_CI_high = bb_sim$fda_vs_both$ci_high,
BB_Pval = bb_sim$fda_vs_both$p, BB_B_eff = bb_sim$fda_vs_both$B_eff),
data.frame(
Scenario = "RegimeGARCH", Comparison = "XGB_vs_BOTH",
AUC_Diff_DeLong = del_sim$xgb_vs_both$estimate,
Pval_DeLong = del_sim$xgb_vs_both$p.value, AUC_Diff_BB = bb_sim$xgb_vs_both$diff_hat,
BB_CI_low = bb_sim$xgb_vs_both$ci_low, BB_CI_high = bb_sim$xgb_vs_both$ci_high,
BB_Pval = bb_sim$xgb_vs_both$p, BB_B_eff = bb_sim$xgb_vs_both$B_eff))
## Calibration table
Table_Sim_Calibration <- rbind(
data.frame(Scenario = "RegimeGARCH", Model = "FDA", Brier = cal_sim$fda$brier, ECE = cal_sim$fda$ece),
data.frame(Scenario = "RegimeGARCH", Model = "TDA", Brier = cal_sim$tda$brier, ECE = cal_sim$tda$ece),
data.frame(Scenario = "RegimeGARCH", Model = "BOTH", Brier = cal_sim$both$brier, ECE = cal_sim$both$ece),
data.frame(Scenario = "RegimeGARCH", Model = "XGBoost", Brier = cal_sim$xgb$brier, ECE = cal_sim$xgb$ece))
write.csv(Table_Sim_Performance, file = file.path(TABDIR, "Table_Sim_Performance.csv"), row.names = FALSE)
write.csv(Table_Sim_AUC_Comparisons, file = file.path(TABDIR, "Table_Sim_AUC_Comparisons.csv"),
row.names = FALSE)
write.csv(Table_Sim_Calibration, file = file.path(TABDIR, "Table_Sim_Calibration.csv"), row.names = FALSE)
g_roc_sim <- plot_roc_four(sim_res)
g_cal_sim <- plot_calibration(sim_res)
g_feat_sim <- plot_feature_by_class(sim_res)
ggplot2: :ggsave(file.path(PLOTDIR, "Fig SIM_ROC.png"), g_roc_sim, width = 7, height = 5, dpi = 300)
ggplot2: :ggsave(file.path(PLOTDIR, "Fig_SIM_Calibration.png"), g_cal_sim, width = 7, height = 5, dpi = 300)
ggplot2: :ggsave(file.path(PLOTDIR, "Fig_SIM_FeatureSummaries.png"), g_feat_sim, width = 8, height = 4,
dpi = 300)
message("Simulation method finished. Tables in ", TABDIR, " | Plots in ", PLOTDIR)
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