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Emilio Gómez-Déniz Universidad de Las Palmas de Gran Canaria, Spain

Eduardo Gutiérrez-Peña Universidad Nacional Autónoma de Mexico

Nikolai Kolev Universidade de São Paulo, Brazil

Eduardo Lalla University of Twente, Netherlands

Shuangzhe Liu University of Canberra, Australia
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Pranab K. Sen University of North Carolina at Chapel Hill, US

Giovani Silva Universidade de Lisboa, Portugal

Prayas Sharma National Rail and Transportation Institute, India

Julio Singer Universidade de São Paulo, Brazil

Milan Stehlik Johannes Kepler University, Austria

Alejandra Tapia Pontificia Universidad Católica de Chile

M. Dolores Ugarte Universidad Pública de Navarra, Spain



Chilean Journal of Statistics Volume 13 – Number 1 – April 2022

Contents

Carolina Marchant and Vı́ctor Leiva

Chilean Journal of Statistics: Thirty eight years generating quality knowledge 1
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Abstract

There are two usual ways for modeling the realizations of multivariate random fields:

Applying kriging individually on each variable or using cokriging, which considers the

spatial cross-dependence between the variables. It has been shown that the second way,

in general, allows a prediction variance reduction. The use of cokriging may be limited

in practice when the number of variables increases because estimating the linear model

of coregionalization (the cross-dependence between the variables) becomes complex.

This work explores ordinary kriging for functional data based on Andrews curves as

an alternative to the classical multivariate approach. Employing a simulation study, we

compare the predictor proposed with kriging and cokriging. The methodology is applied

to an environmental dataset.

Keywords: Andrews curves · Cokriging · Functional data · Geostatistics · Kriging

Mathematics Subject Classification: Primary 60G10 · Secondary 60G25.

1. Introduction

In many fields of applied science, it is required to simultaneously model data of several vari-
ables. Several statistical tools have been adapted to deal challenging multivariate problems.
Among other areas, regression analysis (Bilodeau and Brenner, 1999), ANOVA (Smith et al.,
1962), longitudinal data (Verbeke et al., 2014), and generalized linear models (Fahrmeir et
al., 1994) have been tailored to this challenge. When the number of characteristics increases,
the modeling becomes more complex. Also, the analysis of multivariate data is a big problem
if there are inherent temporal and spatial dependence structures. One example is the mul-
tivariate spatial statistics (Gelfand et al., 2010), where it is necessary to consider auto and
cross-correlations. The problem is solved using cokriging (assuming stationarity)(Giraldo et
al., 2021). An advantage of this method is that it does not require that the variables are
measured at the same sites. Its use has demonstrated to reduce uncertainty concerning ordi-
nary kriging (spatial prediction of each variable separately). In its simplest form, cokriging
assumes that the joint spatial correlation of the multivariate random field is generated from
combinations of basic spatial covariance models and coregionalization matrices. If there are
p variables, it is then necessary to estimate p(p + 1)/2 variograms (including simple and
cross-variograms). This makes this technique di�cult to implement when p increases.
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Andrews curves (Andrews, 1972) are generally utilized in multivariate analysis to detect
outliers (Embrechts et al., 1986), carry out clustering (Moustafa, 2011) and discriminant
analysis. In this work, we propose its usage in multivariate geostatistics (Genton and Kleiber,
2015) as a tool for solving the high dimensionality problem. When the number of variables
increases, it is not easy to estimate the coregionalization model and, therefore, to make
predictions using cokriging. Employing Andrews curves combined with functional geostatis-
tics (Giraldo et al., 2011) can simplify the problem because it only requires to fit a single
variogram model. Once an Andrews curve is predicted on an unsampled site, implicitly all
the variables of the multivariate random field of interest are predicted too.

Classical tools for spatial data analysis can be extended to functional data. Particularly
in geostatistics, several alternatives for this purpose have been proposed. Ordinary, residual,
and universal kriging for functional data (Mateu and Giraldo, 2022) are some approaches to
solve the problem of spatial prediction when we have a realization of a functional random
field (when a curve or, in general, a function is recorded at several sites of a region with
spatial continuity). Here we propose an alternative for carrying out spatial prediction in mul-
tivariate geostatistics using ordinary kriging for functional data (Giraldo et al., 2011) based
on Andrews curves. This alternative does not require to estimate a linear coregionalization
model (Wackernagel, 2003), and consequently reducing the complexity of the problem.

The work is organized as follows. Section 2 gives a review on Andrews curves, multivariate
geostatistics, and functional geostatistics. Section 3 presents the methodology proposed. An
illustration with simulated data and an application to real data are shown in Section 4. The
article ends with some conclusions, limitations and ideas for further research in Section 5.

2. Background

In this section, we present a short overview about Andrews curves (Andrews, 1972; Moustafa,
2011), multivariate geostatistics (Wackernagel, 2003), and ordinary kriging for functional
data (Giraldo et al., 2011).

2.1 Andrews curves

A statistical multivariate analysis is considered when we have data of a p-dimensional ran-
dom vector (p > 1). Given a realization of size n of a random vector X = (X1, . . . , Xp)€,
we obtain the data matrix

x =

Q

ccca

x11 x12 . . . x1p

x21 x22 . . . x2p
...

... . . . ...
xn1 xn2 . . . xnp

R

dddb . (2.1)

The underlying idea of Andrews curves is that each multivariate data point (observation)
can be represented by a curve using a Fourier interpolation function where the coe�cients
are the observation�s components (Moustafa, 2011). Andrews curves are used as a descriptive
tool for summarizing a multivariate data set as represented in Matrix given in expression
(2.1) or employed to identify atypical values or clustering the individuals (Moustafa, 2011).
These are built as linear combinations of the observations (Andrews, 1972). Specifically, for
all i, for i = 1, . . . , n, the i-th Andrews curve is given by

xi(t) = 1Ô
2fi

xi1 + sin(t)xi2 + cos(t)xi3 + sin(2t)xi4 + · · · , (2.2)

with t œ [≠fi, fi] . The order of the variables plays an important role in obtaining the curve:
when there are many variables, the last ones have a low contribution to the shape of the
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curve. For this reason, they are usually ordered previously according to the amount of
information that each of them provides. Generally, for this, a principal component analysis
is initially carried out.

2.2 Multivariate geostatistics
This subsection is based on Giraldo et al. (2017). Let {X(s) = (X1(s), . . . , Xm(s)) : s œ D}
be a multivariate spatial process defined over a domain D µ 2. Assume X(s) = µ(s)+‘(s)
is a stationary process with µ(s) the mean vector and ‘(s) a stationary noise process with
E(‘(s)) = 0. We use the following notation: (i) 2“lq(si, sj) = V(Xl(si) ≠ Xq(sj)), for l, q =
1, . . . , m, i, j = 1, . . . , n; (ii) “€

lk = (“lk(s1, s0), . . . , “lk(sn, s0)); and (iii)

�lq =

Q

ca
“lq(s1, s1) · · · “lq(s1, sn)

... . . . ...
“lq(sn, s1) · · · “lq(sn, sn)

R

db .

The cokriging predictor of the random variable Xk(s0) based on the realization X(si), for
i = 1, . . . , n, is defined as

‚Xk(s0) =
mÿ

j=1
⁄k

1jXj(s1) + · · · +
mÿ

j=1
⁄k

njXj(sn) =
nÿ

i=1

mÿ

j=1
⁄k

ijXj(si). (2.3)

The predictor given in Equation (2.3) is unbiased if
qn

i=1 ⁄k
ik = 1 and

qn
i=1 ⁄k

ij = 0 for j ”= k,
j = 1, . . . , m. Using the Lagrange method to minimize the mean squared prediction error,
E( ‚Xk(s0) ≠ Xk(s0))2, subject to the unbiasedness constraints gives the cokriging system of
equations, which in matrix notation can be expressed by C⁄k = ck, with

C =

Q

ccccccccccccccccccca

�11 · · · �1k · · · �1m 1 · · · 0 · · · 0

... . . . ...
... . . . ...

�k1 �kk �km 0 1 0

... . . . ...
... . . . ...

�m1 · · · �m2 · · · �mm 0 · · · 0 · · · 1

1
€ · · · 0

€ · · · 0
€ 0 · · · 0 · · · 0

... . . . ...
... . . . ...

0
€

1
€

0
€ 0 0 0

...
... . . . ...

... . . . ...
0

€ · · · 0
€ · · · 1

€ 0 · · · 0 · · · 0

R

dddddddddddddddddddb

=
3

� Z
Z€

0
ú

4
,

⁄k =

Q

ccccccccccccccccccca

⁄k
1
...

⁄k
k
...

⁄k
m

”1
...

”k
...

”m

R

dddddddddddddddddddb

, ck =

Q

ccccccccccccccccccca

“k
1
...

“k
k
...

“k
m

0
...
1
...
0

R

dddddddddddddddddddb

,
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where (�ij)(n◊n), 1 = (1, . . . , 1)€
(n◊1), 0 = (0, . . . , 0)€

(n◊1), (�)(m◊n)◊(n◊m), (Z)(n◊m)◊m,
(0ú)(m◊m), ⁄k

j = (⁄k
1j , . . . , ⁄k

nj)€, and “k
j = (“k

1j , . . . , “k
nj)€, for all i, j = 1, . . . , m. Cokriging

could be used for predicting simultaneously all m variables instead of predicting a variable,
one at a time.

2.3 Functional geostatistics

Let {Xt(s), t œ , s œ D ™ 2} be a second-order stationary and isotropic functional
random field (Giraldo et al., 2011) whose realizations are functions defined in the real
interval T with Xt(s) œ L2(T ) the space of square integrable functions. From the stationarity
conditions and taking h = Îsi ≠ sjÎ we have

• E(Xt(s)) = µt.
• V(Xt(s)) = ‡2

t .
• C(Xt(si), Xt(sj)) = C(||si ≠ sj ||; t) = C(h; t).
• 1

2V(Xt(si) ≠ Xt(sj)) = “(||si ≠ sj ||; t) = “(h; t).
The ordinary kriging predictor of the function on a site s0 is defined as (Giraldo et al., 2011)

‚Xt(s0) =
nÿ

i=1
⁄iXt(si), ⁄1, . . . , ⁄n œ . (2.4)

Optimal ⁄ in Equation (2.4) that guarantee E( ‚Xt(s0)) = Xt(s0) are obtained by solving the
system

Q

ccca

s
T “ (||s1 ≠ s1||, t) dt · · ·

s
T “ (||s1 ≠ sn||, t) dt 1

... . . . ...
...s

T “ (||s1 ≠ sn||, t) dt · · ·
s

T “ (||sn ≠ sn||, t) dt 1
1 · · · 1 0

R

dddb

Q

ccca

⁄1
...

⁄n

‹

R

dddb =

Q

ccca

s
T “ (||s0 ≠ s1||, t) dt

...s
T “ (||s0 ≠ sn||, t) dt

1

R

dddb .

(2.5)
The function “(h) =

s
T “ (h, t) dt = (1/2)E(

s
T (Xt(si) ≠ Xt(sj))2dt) is called the trace-

variogram. A review on its estimation based on the observed data is provided in Giraldo
et al. (2011). Note that ‹ in Equation (2.5) is the Lagrange multiplier used to consider the
unbiasedness constraint.

3. Multivariate geostatistics based on Andrews curves

We show how ordinary kriging based on Andrews curves is an alternative to perform mul-
tivariate spatial prediction. We assume isotropy and that all variables are recorded in the
same sites.

3.1 From multivariate to functional Kriging

Let {X(s), s œ D µ d} be a p-dimensional random field and [X(s1), X(s2), ..., X(sn)]€ a
sample of the process with

X(si) =

S

WWWU

X1(si)
X2(si)

...
Xp(si)

T

XXXV , i = 1, . . . , n.
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Suppose we want to predict the random field at a site s0. Employing Andrews curves given
in Equation (2.2), the sample of the multivariate random field can be used to define a sample
of a functional random field of Andrews curves {Xt(s), s œ D µ d, t œ [≠fi, fi] µ } with
the transformation

Xt(si) =
pÿ

k=1
Xk(si)„k(t), (3.6)

with „k(t) the k-th coe�cient of a Fourier series as defined in Equation (2.2). Likewise,
from the multivariate observed sample of the random process [x(s1), x(s2), ..., x(sn)], we
have that

xt(si) =
pÿ

k=1
xk(si)„k(t). (3.7)

Assuming that the curves defined in Equation (3.6) are a sample of a functional random
field, we can use functional geostatistical methods (Giraldo et al., 2011, 2017) for carrying
spatial prediction of all variables. Particularly, using ordinary kriging for functional data
given in Equation (2.4) and taking as input the observed curves in Equation (3.7) we can
predict the Andrews curves on unsampled sites. Note that the coe�cients in Equation (2.2)
are known and correspond to the data recorded from the p variables in the n sites s1, . . . , sn.

3.2 Functional random field of Andrews curves

Assume the multivariate random field of interest is second order stationary. Consequently,
we have the following properties for the random field of Andrews curves {Xt(s), s œ D µ

d, t œ [≠fi, fi] µ }:
(i)

µ(t) = E
Ë
Xt(s)

È
= E

C pÿ

k=1
Xk(s)„k(t)

D

=
pÿ

k=1
E [Xk(s)„k(t)]

=
pÿ

k=1
„k(t)E [Xk(si)]

=
pÿ

k=1
„k(t)µk,

with µk = E [Xk(si)] being the mean of the k-th random field.
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(ii)

V [Xt(s)] = ‡2
t

= V
C pÿ

k=1
Xk(s)„k(t)

D

=
pÿ

k=1

pÿ

l=1
„k(t)„l(t)Cov [Xk(s), Xl(s)]

=
pÿ

k=1

pÿ

l=1
„k(t)„l(t)Ckl(0),

with Ckl(0) being the covariance between the variables k and l.
(iii)

C
Ë
Xt(si), Xt(sj)

È
= C(h, t)

= C
C pÿ

k=1
Xk(si)„k(t),

kÿ

k=1
Xk(sj)„k(t)

D

=
pÿ

k=1

pÿ

l=1
„k(t)„l(t)C [Xk(si), Xl(sj)]

=
pÿ

k=1

pÿ

l=1
„k(t)„l(t)Ckl(||si ≠ sj ||)

=
pÿ

k=1

pÿ

l=1
„k(t)„l(t)Ckl(h).

Note that the functional covariance depends only on the distance between sites si and sj .

3.3 Spatial prediction of Andrews curves

Let Xt(si), for i = 1, . . . , n, be the sample of a functional random field of Andrews curves.
Then the ordinary kriging predictor of an Andrews curve on a site s0 is given by

‚Xt(s0) =
nÿ

i=1
⁄iXt(si)

=
nÿ

i=1
⁄i

pÿ

k=1
Xk(si)„k(t)

=
pÿ

k=1

nÿ

i=1
⁄iXk(si)„k(t). (3.8)

In Equation (3.8), each term
qn

i=1 ⁄iXk(si) is an scalar corresponding to the predictor
‚Xk(s0). This is an unbiased and minimum variance predictor if ⁄1, . . . , ⁄n are such that

⁄

T
V

1
‚Xt(s0) ≠ Xt(s0)

2
dt,

is minimum subject to
qn

i=1 ⁄i = 1.
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3.4 Relationship between the trace-variogram function and univariate
variograms

Note that

⁄

t

1
Xt(si) ≠ Xt(sj)

22
dt =

⁄

t

A pÿ

k=1
Xk(si)„k(t) ≠

pÿ

k=1
Xk(sj)„k(t)

B2

dt

=
⁄

t

C pÿ

k=1
(Xk(si) ≠ Xk(sj)) „k(t)

D2

dt,

with T = [≠fi, fi]. In matrix notation, we get

⁄

t
(Xt(si) ≠ Xt(sj))2 dt =

⁄

t

Ë
(X(si) ≠ X(sj))€ �(t)

È2
dt

=
⁄

t
(X(si) ≠ X(sj))€

1
�(t)�(t)€

2
(X(si) ≠ X(sj)) dt

= (X(si) ≠ X(sj))€
⁄

t

1
�(t)�(t)€

2
dt (X(si) ≠ X(sj))

= (X(si) ≠ X(sj))€ W (X(si) ≠ X(sj)) ,

with W being the matrix of inner products of �(t). Taking into account that �(t) is an
orthonormal basis, we have that W = In. Thus, we reach

“(h) = 1
2E

C pÿ

k=1
(Xk(si) ≠ Xk(sj))2

D

.

Under second order stationarity, we have that

“k(h) = 1
2E

Ë
(Xk(si) ≠ Xk(sj))2

È
. (3.9)

From Equation (3.9), the trace-variogram can be expressed as

“(h) = 1
2E

C pÿ

k=1
(Xk(si) ≠ Xk(sj))2

D

= 1
2

pÿ

k=1
E

Ë
(Xk(si) ≠ Xk(sj))2

È

=
pÿ

k=1
“k(h). (3.10)

Therefore, the theoretical trace-variogram corresponds to the sum of the univariate semivar-
iograms associated to the variables used to define the Andrews curves. This sum can be mod-
eled with a single model once the empirical trace-variogram has been calculated. To carry out
the spatial prediction we need to estimate the trace-variogram function

s
“t (||si ≠ sj ||) dt,
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for all i = 1, . . . , n. The corresponding estimator is given by

‚“(h) = 1
2|N(h)|

ÿ

i,jœN(h)
(X(si) ≠ X(sj))€ W (X(si) ≠ X(sj)) ,

where N(h) is the number of pairs (si, sj) such that h = ||si ≠ sj || and |N(h)| is the number
of sites separated by a distance h. Hence, the moment estimator of the trace-variogram
function is stated as

‚“(h) = 1
2|N(h)|

ÿ

i,jœN(h)

pÿ

k=1
(Xk(si) ≠ Xk(sj))2 . (3.11)

From Equation (3.10), the total prediction variance can be defined as

‡2(s0) =
nÿ

i=1
⁄i“(Îsi ≠ s0Î) + µ =

nÿ

i=1
⁄i

pÿ

k=1
“k(h) + µ,

and its estimation is formulated by

‚‡2(s0) =
nÿ

i=1
⁄i‚“(Îsi ≠ s0Î) + µ

=
nÿ

i=1
⁄i

3 1
2|N(h)|

ÿ

i,jœN(h)

pÿ

k=1

1
xk(si) ≠ xk(sj)

224
+ µ.

4. Numerical Applications

This section initially compares kriging, cokriging and functional kriging using a small simu-
lated dataset. Posteriorly, an application to a real dataset is presented. The computational
routines were developed using the R software (R, 2022) version 4.1.3 for Windows platform.

4.1 Simulated Data

Suppose we have data of a stationary bivariate Gaussian random field {X(s) =
(X1(s), X2(s)) : s œ [0, 1] ◊ [0, 1]} with means µ1(s) = 2 and µ2(s) = 90 and spatial
dependence defined by the following variogram models:

“X1(h) = 0.30“1(h) + 0.26“2(h)
“X2(h) = 11“1(h) + 71“2(h)

“X1X2(h) = 1.2“1(h) + 3.8“2(h),

with “1(h) = (1 ≠ exp((≠h/0.7)) and “2(h) = (1.5(h/0.95) ≠ 0.5(h/0.95)2). In both models,
the parameter „ is relatively high („ = 0.7 for the exponential model and „ = 0.95 in the case
of the spherical model), which is an indicator of high spatial simple and cross correlation.
Note that „ is the parameter that defines the spatial correlation. The values assigned to this
parameter correspond respectively to 70% and 95% of the maximum distance between sites
of the simulation region.
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Table 1. Four simulated data sets of a bivariate Gaussian random field defined on the square [0, 1] ◊ [0, 1].
s Coordinates X1(s) X2(s)
s1 (1.00, 0.22) 1.51 80.83
s2 (0.00, 0.33) 2.88 80.49
s3 (0.67, 0.00) 2.94 102.29
s4 (0.22, 0.78) 1.84 79.22

The corresponding covariance matrix is given by

� =

S

WWWWWWWWWWWU

0.56 0.07 0.27 0.08 5.00 0.29 2.22 0.31
0.07 0.56 0.12 0.22 0.29 5.00 0.66 1.68
0.27 0.12 0.56 0.08 2.22 0.66 5.00 0.35
0.08 0.22 0.08 0.56 0.31 1.68 0.35 5.00
5.00 0.29 2.22 0.31 82.00 2.61 34.96 2.81
0.29 5.00 0.66 1.68 2.61 82.00 8.38 25.78
2.22 0.66 5.00 0.35 34.96 8.38 82.00 3.40
0.31 1.68 0.35 5.00 2.81 25.78 3.40 82.00

T

XXXXXXXXXXXV

.

Assume that we want to predict the variables X1(s0) and X2(s0), s0 = (0.22, 0.00), using
four observations of the process; see Table 1. Based on the covariance matrix and employing
univariate ordinary Kriging, ordinary Cokriging, and Functional Kriging predictions are
obtained for X1(s0) and X2(s0).

Table 2. Predictions using the three methods. ‚‡2
T correspond to the total prediction variance (sum of the

prediction variances).

Method ‚X1(s0) ‚X2(s0) ‚‡2
T

Kriging 2.199 93.708 68.269
Cokriging 2.707 93.602 68.163
Functional kriging 2.819 93.789 68.278

Table 2 shows that we obtain reasonable predictions with the three methods (values
around the means µ1(s) and µ2(s) of the processes) with variances of the predictions that
only di�er slightly. A more intensive simulation study was conducted posteriorly. Considering
the same spatial dependence structure defined above by “X1(h), “X2(h), and “X1X2(h), a
realization of size 100 of the bivariate process was generated. A cross-validation analysis
was carried out with these data, that is, each simulated datum was partially deleted and
predicted based on the remaining 99 observations through the three methods (Kriging,
Cokriging, and Functional Kriging). We do not present the results in detail. The means of
the prediction errors were in all cases (three methods) close to zero and the means prediction
variances were also very similar (around 11.71). A detailed review of the results can be seen
in Dueñas (2017). Here, we consider only two processes to show that even when the number
of variables is small the methodology based on functional kriging can be applied. If the
number of processes increases, there is more significant di�erences between the methods,
but cokriging also is more complex. In these cases, the approach based on functional kriging
may be more appropriate.

4.2 Real Data

The lagoon-estuarine system Ciénaga Grande de Santa Marta (CGSM) located at the north
coast of Colombia (Figure 1) is of interest for its ecological and hydrological characteristics
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and its richness in fish, mollusks, and crustaceans (Rodŕıguez-Rodŕıguez et al., 2021). Mon-
itoring its physicochemical and biological conditions is essential due to its environmental
and economic impact on the region.

Barranquilla

CiénagaCaribbean sea

CGSM

Figure 1. The lagoon-estuarine ecosystem Ciénaga Grande de Santa Marta (CGSM) is located at the north coast of
Colombia between the cities of Barranquilla and Ciénaga. A narrow, continuous sandbar borders the entire CGSM
complex to the north. Source: Google Maps 2021.

This work shows how to use functional kriging based on Andrews curves to jointly predict
the spatial distribution of some of these variables. Specifically, we analyze data of six vari-
ables (salinity, dissolved oxygen (mg O2/L), temperature (�), chlorophyll-a (µg/l), total
suspended solids (mg/l), and depth (cm)) collected in 95 sampling sites of the system. The
spatial distribution of these variables according to the quartiles of the recorded values is
shown in Figure 2. These plots suggest that is reasonable assuming stationarity, because
there is not a defined spatial trend in any case. There are three alternatives for doing pre-
diction in this case. We can apply ordinary kriging (without considering the dependency
between the variables), ordinary cokriging which require the estimation of a LMC (a com-
plex procedure in this scenario because we must to take into account data of six random
processes simultaneously), or ordinary kriging based on Andrews curves. Below, we show
the results considering this last option. We also do a comparison with the results obtained
using ordinary kriging.

In Table 3, we report the variation coe�cients calculated with the 95 observations from
each one of the six variables considered in the study. These values are ordered from highest
to lowest. Following Andrews (1972), we employ this order to define the coe�cients xij from
Equation (2.2) of the Andrews curves for the dataset of interest (top panel of Figure 3). We
note that the curves have a similar behavior. Only two curves have a di�erent pattern (see
curves with the lowest values for t œ (0, 1.7)). These correspond to places in the north of
the Ciénaga that have di�erent conditions of salinity and depth.

Using Equation (3.11), we calculate the empirical trace-variogram function (white circles
in bottom panel of Figure 3). An exponential semivariogram model with ‚„ = 6460m y
‚‡2 = 19224.08 was fitted to this scatterplot (red curve in bottom panel of Figure 3). The
value of ‚„ indicates that the Andrews curves are correlated up to a distance of about 6.4 km.
Using this model, we can estimate the weights ⁄i, for i = 1, . . . , 95 in Equation (3.8) and
predict the six variables on unsampled sites of the region utilizing functional kriging based
on Andres curves. To evaluate the performance of the predictor we do a cross-validation
analysis comparing the results with the ones obtained with ordinary kriging. In Table 4
we show the sum of squares of prediction errors for each one of the six variables based on
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hacia alguna zona del área de interés) (Figura 4.3, izquierda). Este patrón también puede
apreciarse en el gráfico tridimensional (Figura 4.3, derecha). Se identifican los sitios
con valores at́ıpicos descritos en el diagrama de caja y bigotes y se encuentra que estos
están localizados en la parte nororiental del sistema. En el resto de la zona no aparecen
tendencias fuertes que puedan sugerir no estacionariedad en la variable.

Figura 4.2. Diagrama de caja y bigotes de datos de salinidad obtenidos en 95 localizaciones de
la Ciénaga Grande de Santa Marta.

950000 960000 970000 980000

16
80
00
0

16
90
00
0

17
00
00
0

Salinity

Longitude

La
tit
ud
e

●

● ● ● ●

● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ●

● ● ● ● ● ● ●

● ● ● ● ● ● ● ●

● ● ● ● ● ●

● ● ● ● ● ● ● ●

● ● ● ● ● ● ●

● ● ● ● ●

● ● ● ● ●

● ● ● ●

● ● ●

Figura 4.3. Distribución espacial según cuartiles (izquierda) y dispersograma tridimensional (de-
recha) de salinidad en 95 localizaciones de la Ciénaga Grande de Santa Marta.

La Figura 4.4 se muestra el ajuste de una regresión kernel entre la variables salinidad y las
coordenadas de ubicación geográfica (longitud y latitud). La ĺınea de regresión permanece
dentro de las bandas de no efecto practicamente en todo el rango de coordenadas, lo cuál
indica que no hay una tendencia espacial clara. En esta figura, nuevamente se nota la
presencia de algunos valores at́ıpicos ubicados en las coordenadas del extremo nororiental
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Figura 4.7. Distribución espacial según cuartiles (izquierda) y dispersogramas tridimensionales
(derecha) de ox́ıgeno y tempertura en las 95 localizaciones de la Ciénaga Grande de
Santa Marta.

Figura 4.8. Regresión kernel de valores de ox́ıgeno y temperatura contra longitud (izquierda) y
latitud (derecha) en 95 localizaciones de la Ciénaga Grande de Santa Marta. En azul
se presentan bandas de confianza de ”no relación”.
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Figura 4.7. Distribución espacial según cuartiles (izquierda) y dispersogramas tridimensionales
(derecha) de ox́ıgeno y tempertura en las 95 localizaciones de la Ciénaga Grande de
Santa Marta.

Figura 4.8. Regresión kernel de valores de ox́ıgeno y temperatura contra longitud (izquierda) y
latitud (derecha) en 95 localizaciones de la Ciénaga Grande de Santa Marta. En azul
se presentan bandas de confianza de ”no relación”.
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Figura 4.10. Diagrama de caja y bigotes de clorofila en las 95 localizaciones de la Ciénaga Grande
de Santa Marta.
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Figura 4.11. Distribución espacial según cuartiles (izquierda) y dispersograma tridimensional
(derecha) de valores de clorofila medidas en 95 localizaciones de la Ciénaga Grande
de Santa Marta.

Figura 4.12. Regresión kernel de valores de clorofila contra longitud (izquierda) y latitud (dere-
cha) en 95 localizaciones de la Ciénaga Grande de Santa Marta. En azul se presentan
las bandas de confianza de ”no relación”.

CAPÍTULO 4. APLICACIÓN 47

de las bandas de confianza en los ĺımites, nunca se distancia significativamente de ellas,
por lo que no se considera una señal fuerte de no estacionariedad.
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Figura 4.15. Distribución espacial según cuartiles (izquierda) y el dispersograma tridimensional
(derecha) de los valores de seston en los 95 sitios de la Ciénaga Grande de Santa
Marta.

Figura 4.16. Regresión kernel de valores de salinidad contra longitud (izquierda) y latitud (dere-
cha) en 95 localizaciones de la Ciénaga Grande de Santa Marta. En azul se presentan
bandas de confianza de ”no relación”.
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paramétrica que esta tendencia no es importante, por lo que no se considera que hayan
indicios suficientes para pensar que la variable no es estacionaria. Por su parte, la Figura
4.21 muestra el semivariograma emṕırico en este caso y el modelo de semivarianza teórico
ajustado de tipo exponencial con �̂ = 10232 km y �̂

2 = 0.21.
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Figura 4.19. Distribución espacial según cuartiles (izquierda) y dispersograma tridimensional
(derecha) de los valores de profundidad en 95 localizaciones de la Ciénaga Grande
de Santa Marta.

Figura 4.20. Regresión kernel de valores de profundidad contra longitud (izquierda) y latitud
(derecha) en 95 localizaciones de la Ciénaga Grande de Santa Marta. En azul se
presentan las bandas de confianza de ”no relación”.

Figure 2. Spatial distribution of data for each one of the six variables considered. The values are, in each case,
divided according to the quartiles.

Table 3. Coe�cients of variation calculated with data recorded in 95 sites of the lagoon-estuarine system
Ciénaga Grande de Santa Marta.

Variable Coe�cient of variation (%)
Oxygen 36.5

Depth 24.5
Chlorophyll 23.8

Suspended solids 19.3
Salinity 17.1

Temperature 7.2
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CAPÍTULO 4. APLICACIÓN 51
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Figura 4.22. Vectores transformados en curvas de Andrews y curva media para los datos de la
Ciénaga Grande de Santa Marta

A partir de las nuevas observaciones funcionales, se calculó la traza-variograma emṕırica
basada en la distancia funcional L2 y se ajustó un modelo de semivarianza exponencial
con �̂ = 6460 km y �̂

2 = 19224.08. El resultado se presenta en la Figura 4.23.

Las curvas de Andrews obtenidas se consideran estacionarias al haber sido constrúıdas a
partir de variables que no mostraron evidencias fuertes de no estacionariedad.

4.4. Predicción multivariada

En esta sección se aplicará la metodoloǵıa de predicción propuesta en este trabajo y
kriging ordinario univariado en cada una de las variables. Debido a las dificultades que
presenta el cokriging ordinario al aumentar el número de variables a predecir, este no es
considerado.
Para comparar el rendimiento del kriging ordinario funcional y el kriging ordinario uni-
variado, se realiza validación cruzada. A partir de estos resultados, se calculan las sumas
de errores de predicción al cuadrado, se hacen pruebas de Wilcoxon (Gibbons & Chakra-
borti, 2003) para la diferencia de las medianas de los errores al cuadrado, y se utilizarán
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Figura 4.23. Traza-variograma emṕırica y modelo de semivarianza teórico ajustado para las cur-
vas de Andrews asociadas a las 95 localizaciones de la Ciénaga Grande de Santa
Marta.

diferentes herramientas gráficas para comparar el comportamiento de las predicciones ob-
tenidas.
Con el objetivo de realizar las predicciones multivariadas, la Tabla 4.2 presenta un resu-
men de los modelos de semivarianza ajustados que se van a utilizar. En todos los casos el
efecto nugget se fija en cero.

Variable Modelo Rango Meseta
Salinidad Exponencial 11684 12.59
Ox́ıgeno Exponencial 10096 20.74
Clorofila Exponencial 5436 899
Seston Exponencial 7789 2355 0

Profundidad Exponencial 10232 0.21
Temperatura Exponencial 10386 7.34

Curvas de Andrews Exponencial 6460 19224

Tabla 4.2. Modelos de semivarianza teóricos ajustados para las seis variables medidas en 95 loca-
lizaciones de la Ciénaga Grande de Santa Marta y las curvas de Andrews constrúıdas
a partir de ellas.

4.4.1. Resultados de la validación cruzada

Para la comparación de las metodoloǵıas, se llevó a cabo un proceso de validación
cruzada, en el cual en cada etapa se elimina uno de los sitios y se predice su valor usando
la información de los sitios restantes. Posteriormente, se calcula con cada variable y cada
método la suma de cuadrados de los errores

P
n

i=1
e
2

i
con e

2

i
= (xk(si)� x̂k(si))

2. La Tabla
4.3 muestra los resultados obtenidos.

Figure 3. Andrews curve calculated for each one of 95 sites of the lagoon-estuarine system Ciénaga Grande de
Santa Marta, based on the values of six physicochemical variables (top); and variogram model (red line) fitted to
the empirical trace-variogram function (bottom).

the two approaches considered. In general the results look similar. To test for significant
di�erences we use Wilcoxon tests based on the cross-validation residuals. These indicate
that the method based on functional kriging using Andrews curves is better than ordinary
kriging in the case of the variables depth and suspended solids. In the other cases there are
not significant di�erences between the two strategies.

Table 4. Sum of squares errors of cross-validation (using the data of 95 sites) obtained by functional
kriging based on Andrews curves and ordinary univariate kriging.

Functional kriging Univariate kriging
Oxygen 218.8 216.9

Depth 12.3 12.5
Chlorophyll 46335.9 46457.2

Suspended solids 169397.1 170136.2
Salinity 223.2 229.9

Temperature 46.9 46.4
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5. Conclusions, limitations, and future research

In the paper, we have proposed the predictor ordinary kriging for functional data (Giraldo
et al., 2011) based on Andrews curves (Andrews, 1972) as a method for making spatial pre-
diction in multivariate geostatistics (Smith et al., 1962). The results based on a simulation
study and an analysis of real-world data have indicated that this strategy has a good per-
formance. Obviously, if the geostatistical analysis is carried out with two or three variables,
it is more convenient to use cokriging, since the prediction variance is reduced. However,
when the number of variables increases, this option is limited and the proposed technique
emerges as a very appropriate alternative, because it only requires the estimation of just
one variogram and does not have the limitations of the linear coregionalization model.

The proposed methodology could be adapted to the case of optimal sampling (Bohorquez
et al., 2016), regression, and analysis of variance of multivariate spatial data. Other research
alternatives are the extension to the case of non-stationary processes and the treatment of
outliers (Borssoi et al., 2011).
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