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Abstract

In this paper we have suggested three improved dual to variance ratio type estimators
for estimating the unknown population variance S2? using auxiliary information. The
optimum estimator in the suggested method has been identified along with its mean
square error formula and it has been seen that the suggested estimator performs bet-
ter than other existing estimators. Theoretical comparisons and empirical comparisons
based on four real populations are carried out to judge the merits of proposed estimators
over other traditional estimators and estimators considered here.
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1. INTRODUCTION

Estimation of the finite population variance has great significance in various fields such
as agriculture, industry, medical and biological sciences where we come across population
which are likely to be skewed. Variations are present in our daily life. It is a law of nature
that no two things or individuals are exactly alike. For instance, a physician needs a full
understanding of variation in the degree of human blood pleasure, body temperature and
pulse rate for adequate prescription. A manufacturer needs constant knowledge of the level
of in people’s reaction about a particular product to know whether to increase or decrees
his price of level of quality (see Singh and Solanki (2012)), many more situations can be
seen in practice where the estimation of population variance assumes importance. Many
authors have used the information on auxiliary information for increasing the precision
of an estimator in estimating the population mean (Y) and population variances (S;) of
study variable y. Das and Tripathi (1978), Isaki (1983) and Singh et al. (1988) studied
the estimation of variance by using information on variance (S2) for an auxiliary variable
x. The other important contributions in this area are by Singh and Singh (2001, 2003),
Kadilar and Cingi (2006), Grover (2010), Singh et al. (2011), Singh and Solanki (2012),
Sharma and Singh (2013), and Singh and Malik (2014). Srivenkataramana (1980) first
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time proposed the dual to ratio estimator for estimating the population mean. Singh and
Tailor (2005), Tailor and Sharma (2009) and Sharma and Tailor (2010) proposed some
ratio cum-product estimators. In addition, Shabbir (2006) suggested a dual to variance
ratio type estimator.

Let U = (Uy,Us,...,Uy) be the finite population of size N out of which a sample of
size n is drawn according to simple random sampling without replacement technique. Let
y and = be the study and the auxiliary variables respectively and y is positively correlated
with x. Let

1 1
Y:N;Yi and X:N;Xi
1= 1=

be the population means of study and auxiliary variables and

1 — 1 —
g:n;yi and a‘c:nZ;xi
1= 1=

be the respective sample means. Let

R R

S; = m Z(?/z — }7)2 and Sg = m Z(xl _ X)2

=1 =1

denote the population variances of y and x respectively. Similarly, one can obtain the
sample variances

B - and 2= S (- o)

i=1 =1
of y and x respectively. Let

Cy—i_/’y and Cm—%

denote the coefficient of variations of y and z, respectively. Here to estimate Sg , it is

assumed that S? is known because information on auxiliary variable x is known. Let us
define

(sy —S7) (s2 — 52)
ey = 575 and e = 57%

, therefore

E(eo) = E(e1) =0, E(ed) = f(Aa0 — 1),
E(e%) = f(/\04 — 1) and E(eoel) = f()\gg — 1)
where
N
- 1 1 _ Hpg B 1 _ _
f= (n_N) ’ Apg = 2 1 and #pq—mZ(yi—Y)p(%—X)q-

Ha0Hh2 i=1
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2.  EXISTING ESTIMATORS
The usual unbiased variance estimator is defined as
to = sz (1)
The variance of the estimator tg is given by
Var(ty) = S’; f(Ag0 —1) (2)

When the population variance of auxiliary variable S2 is known, Isaki (1983) proposed
a ratio type estimator for estimating Sy2 given by

SQ
t]k = 8y2 <S:§> (3)

The bias and MSE of the estimator ¢ up to first order of approximation are, respectively
given by

Bias(tlk) = Sy2 f[(/\40 - 1) - ()‘22 - 1)] (4)
MSE(tr) = S, fl(A0 — 1) + (Aoa — 1) — 2(Ag2 — 1)] (5)
Isaki (1983) suggested a regression estimator t,¢4, given by

treg = 55 +b(S2—s2) (6)

where b is the sample regression coefficient between sy2 and s2. To the first order of ap-
proximation, the estimator ¢,., is unbiased and its variance is given by

Var(treg) = S;f[()\zlo — 1) + bz()\04 — 1)8;1 — 2[)(/\22 — 1)Sy2 SIQ] (7)

Substituting the optimum value of b, say b* in equation (7), we get the minimum variance
of tyeq as

Var(treg)min = Sy4 f(Ao =11 - PQ(Sza 5;25)] (8)
where

S2(Aa2 — 1)
S%()\[);l - 1)

(A2 — 1)
Va0 —D(Ros — 1)

b* = and pz(sg,si) =

Shabbir (2006) suggested a dual to variance ratio estimator given by,

*2
s
ty :nlsz—f—ngsz <§2> (9)
x
, NSZ-—ns? : 2 2 2
where s} = —Z——= due to Srivenkataramana (1980) and s}° = (1 + g)S; — gs3, with

N —n

g:N—n
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Bias and MSE of estimator t; up to the first order of approximation are respectively
given by

B(ty) = —fnaSyn(Aa2 — 1) (10)
12
MsB(ts) = 5 [oun - 1) - L= (11)
The equation (11) can be expressed as
—1)2 _1)2
MSE(t;) =8, [1+f(>\40—1)+f%\2;_11))—1—2f%\i_11)>} (12)
Or
B (Ao2 —1)?
MSE(t;) =S, [(D —1) - 2f7()\04 0 ] (13)
Or
MSE(t;) = S,Z (14)
where
—1)2 _1)2
D= 1+f(A40—1)+f%2;_11))] and Z = [(D—l)—2f(();\20i_11)) .

The MSE of estimator ¢; and ¢,¢, are same which is less than the usual ratio estimator
to and Isaki (1983) estimator tyj.
3. PROPOSED ESTIMATORS
A dual to variance regression type estimator ¢; is defined as
t1 = wlsz + U)Q(S:% — 8?;2) (15)

where w; and ws are suitably chosen constants.
Expressing (15) in terms of e’s,we get

t — Sj = (wy — 1)55 + wlsjeo + wggsgel (16)
Taking expectations both sides of (16) we get the bias of estimator ¢; as
Bias(t1) = S;(wl - 1) (17)
Squaring both sides of (16), we have
(t1 — 55)2 = [S;(wl —1)?+ w%S;le(Q) + wig®Sted 4+ 2(wy — l)wlsﬁeo

+2(wy — 1)wggasa§el + 2w1wggS§S§eoel (18)
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Taking expectations both sides, we get the mean square error of the estimator t; to first
order of approximation, as

MSE(t;) = [(1 - 2w1)S§ +w?A+wiB + wiwyC (19)

where A = S;L {1 + f()\40_1)}, B = ng()\04_1)S;1, C = 2gf()\22 — 1)535:%
Differentiating (19) with respect to w; and we partially, equating them to zero, we get
optimum values of w; and we respectively, as

_ 4S5;B
~ 4AB-C¥

—-25,C
4AB — C?

wy

wy =
Using the values of A, B and C' we get the optimum values of w; and ws in terms of D,

as

1 . —SpAa2—1)

w* = and Wo = — 7 ——— .
! 27 gS2(A\ga—1)D

) (20)

Substituting these values of wj and wj from (20) in (19), we get the minimum MSE of
the estimator ¢ as

Sy 2f(A22 — 1)°
— —1) =
MSE(t1)min o] [(D 1) Do —1)D ] (21)
Equation (21) can be rewrite in terms of Z, as
St 2f(Agg — 1)2 1
— N
MSE(t1)min D [Z—i— Oos —1)D (1 D)] (22)

Motivated by Gupta and Shabbir (2008), we suggest a dual to variance estimator as

8*2
ty = kis), + k(S5 — s37) [2 - (5,02 )] (23)

where k1 and ko are suitably chosen constants.
Expressing the estimator t3, in terms of e’s we have

(tg — S;) = (kl — 1)55 + klszeo + kggSgel + ]{72&.925:%6% (24)

Taking expectations both sides of (24), we get the bias of the estimator to up to the first
order of approximation, as

Bias(ty) = (k1 — 1)S, + kaag®f(Xos — 1) (25)

Squaring both sides of (24) and taking expectations both sides, we get the MSE of the
estimator ¢ up to the first order of approximation, as

MSE(ty) = (1 — 2k1)S; + ki M + k3N + k1k2O (26)

where M = (1 + f()\40 — 1))55, N = g2f()\04 — 1)5% and O = g(/\QQ — I)SSS%
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Differentiating (26) with respect to k1 and ko partially, equating them to zero, we get
optimum values of k1 and ko respectively, as

4
. ASIN

1= 2y
Mo 27)
Yy

5 —h—
27 4AMN — 02

Substituting these optimum values of k; and ko in equation (26), we get the minimum
MSE of the estimator to given as

Sy 2f (a2 — 1)?
MSE(t2)min = -2 |(D —1) = =————— 2
SB(tz)in = 75 (D= 1)~ 2022 (28)
We suggest another improved estimator t3 as
*2
t3 = mys> (Sx ) + mg(S? — 532) (29)
Y S% T T

where m; and mo are constants chosen so as to minimise the mean squared error of the
estimator t3.
Equation (29) can be expressed in terms of e’s as

(ts — SZ) = [(my — 1)55 +my S; ey — mlgSSel + magS2e; — mlgSgeoel] (30)

Taking expectations both sides of (30), we get the bias of the estimator t3 up to the first
order of approximation, as

Bias(tg) = (m1 — I)Sz — mlgSSf(AQQ — 1) (31)

Squaring both sides of (30) and taking expectations both sides we get the MSE of the
estimator t3 up to the first order of approximation, as

MSE(ts) = [(1 - 2m1)o, +miP + m3Q + mimaR] (32)

where P = (1+ f(Ao — 1)+ ¢*f(Mos — 1) — gf (A2 — 1)) S, @ = ¢*S2f(Aos — 1)
and R =2gf{(A22 — 1) —g(Aosa — 1)}

Now, for minimising MSE of estimator t3 , differentiating (32) with respect to m; and
mg partially, equating them to zero, we get the optimum values of m; and ms respectively,
as

4Qo, —2Ro,

=¥ _ d A
APQ-Rr2 MY "M T ypo_Re

*

m} (33)

Substituting these optimum values of m; and mg in equation (32), we get the minimum
MSE of the estimatorts given as

g4 1y
MSE(tahin = 4 (0= 1) - 0220 (34)

Now we establish the following theorem
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THEOREM 3.1 To the first degree of approximation

54

MSE(tl)mm - MSE(tQ)m’n = MSE(tS)mzn > Ey |:(D - 1) - 2f()‘22_1)2:|

(Aoa —1)D

With equality holding
wy = Wi k1 = ki and my =mj
wy = w35 [’ ko = k3 mo = mj
respectively for the estimators ¢1,t2 and ts.

4. ErrIiciENCY COMPARISON

We compare the MSE of proposed estimator ¢; given in (22) with the MSE of Shabbir
(2006) estimator given in (13) which is similar to the usual regression estimator ¢, , given
in (8). We will have the condition as follows:

MSE(tJ) — MSE(tl)mm >0 (35)

S 2f (Mg — 1)2 1
siz=3 |7+ ()]0

(- b) - ]

2f (A2 — 1)

D >
(Aoa — 1)

f(Ag2 — 1)
(Aoa — 1)

—f(hoa—1) <1 (36)
THEOREM 4.1 To the first degree of approximation

{MSE(t;) = MSE(treg)} > {MSE(t1)min = MSE(t2)min = MSE(t3)}
With equality holding if|

f(A22 —1)?

Coi = 1) —f(hos—1) <1
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5. EMPIRICAL STUDY

Data Statistics: For comparison, we consider the following four data sets from various
sources.

Population 1: Cochran (1977, p. 325)

y: Number of persons per block,

x: Number of rooms per block.

N =100,n = 10, S7 = 214.69, S7 = 56.76, Ago = 2.2387, Aos = 2.2523,

Aoo = 1.5432, X = 58.8, p = 0.6515

Population 2: Cochran (1977, p. 152)

y: Number of inhabitants in 1930,

x: Number of inhabitants in 1920.

N =196,n = 49, .5’5 = 151558.83, 52 = 10900.42, Ay = 8.5362, Aoy = 7.3617,
Aoz = 7.8780, X = 103.18, p = 0.9820

Population 3: Cochran (1977, p. 203)

y: Actual weight of peaches on each tree,

x: Eye estimate of weight of peaches on each tree.

N =200,n = 10,5} = 99.18, 57 = 85.09, \go = 1.9249, Aoy = 2.5932,
Ago = 2.1149, X = 56.9, p = 0.9937

Population 4: Sukhatme and Sukhatme (1970, p. 185)

y: Wheat acreage in 1937,

x: Wheat acreage in 1936

N =170,n = 10, S7 = 26456.89, S2 = 22355.76, Aso = 3.1842, Aoy = 2.2030,
A2z = 2.5597, X = 265.8,p = 0.977

Table 1. Relative efficiency of different estimators w.r.t. {9 in percentage

Estimator Population 1 Population 2 Population 3 Population 4

to 100.000 100.000 100.000 100.000
tr 88.188 5310.923 320.810 815.608
reg 123.489 7536.324 639.149 1347.978
ty 123.382 7536.323 639.152 1347.981
t1 134.637 7547.859 647.931 1368.535
to 134.637 7547.859 647.931 1368.535
t3 134.637 7547.859 647.931 1368.535

Table 1 shows that the comparisons of estimators on the basis of four data set. Table 1
exhibits that the all the proposed estimators t1, to and t3 are equally efficient but more
efficient than the usual unbiased estimator, ratio and regression estimators proposed by
Isaki (1983) and estimator proposed by Shabbir (2006) in the sense of having least mean
square error. Thus any of the proposed estimators can be picked up preferably over others
estimators considered here.

6. CONCLUSION

The present paper considered the problem of estimating the population variance 5’5 of
study variable y using auxiliary information. We have derived the biases and mean square
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errors formulae to the first degree of approximation. In efficiency comparison, it has been
shown that the proposed estimators are more efficient than the other usual unbiased es-
timator, Isaki (1983), and Shabbir (2006) estimators. These results have been satisfied
empirically with the help of four population earlier considered by Shabbir (2006).
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