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Abstract

We consider random vectors Xgx1 and Yyx1 having a multivariate elliptical joint
distribution, and derive the exact joint distribution of X and L-statistics from Y, as a
mixture of multivariate unified skew-elliptical distributions. This mixture representation
enables us to predict X based on L-statistics from Y, and vice versa, when K = 1 and
with normal and ¢-distributions. Our results extend and generalize previous ones in two
ways: first, we consider a general multivariate set-up for which K > 1 and N > 2, and
second, we adopt the multivariate elliptical distribution to include previous multivariate
normal and t-formulations as special cases.

Keywords: Linear combination - Mixture distribution - Multivariate unified
skew-elliptical distribution - Order statistics - Squared-error loss.
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1. INTRODUCTION

A motivation for the paper is the following problem: it is usual practice to use the quiz
scores to predict a student’s final test mark. More formally, if X is the final test mark
and Y = (Y1,...,Yy) " are the quiz scores, we wish to study X in terms of some linear
combination Zf\il a;Y(;), where Y(1) < --- <Yy are the ordered quiz scores, with varying
weights a;. The results in this paper enable us to study X based on Zf\; 1 @iY(;), when
(X,YT)T follows a (N + 1)-dimensional multivariate elliptical distribution.

The above problem is akin to the following that arises in electrical engineering and
discussed by Wiens et al. (2006). In processing cellular phone signals from several antennae,
receivers normally select only the strongest signals to reduce signal fading. Specifically, if
a receiver receives N signals, only the n < IV strongest signals will be processed, which are
then combined and used to analyze and predict the transmission system’s performance, as
measured by X = (X1,..., Xg) ', say.

Various incarnations of the above problem, simplified in some way, have been studied
previously by several authors. Viana (1998) and Olkin and Viana (1995) obtained the best
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linear predictors in the trivariate normal distribution case with N = 2 and K = 1, where
Y} and Y are exchangeable such that (X,Y;)" and (X,Y3)" share a common correlation.
Loperfido (2008b) considered the same set-up and derived the exact joint distribution of
X and Y(y) = max(Y7,Y2). Jamalizadeh and Balakrishnan (2009a) similarly derived the

exact joint distribution of X and Z?Zl a;Y(;) in the case of a trivariate normal distribution
for X, Y7, Ys, with arbitrary covariance structure. They showed that this joint distribution
is a mixture of bivariate unified skew-normal distributions and obtained a predictor for
X using linear combinations of order statistics from Y7, Ys; see also Balakrishnan et al.
(2012) for the case of elliptical distributions.

Order statistics, their linear combinations (i.e., L-statistics), and their corresponding
distributions have also been similarly widely studied. Early results are provided by Gupta
and Pillai (1965), Basu and Ghosh (1978), Nagaraja (1982), and Balakrishnan (1993).
More recent work include Genc (2006), who derived the exact distribution of L-statistics
from the bivariate normal distribution; Arellano-Valle and Genton (2007, 2008), who con-
sidered multivariate elliptical distributions; and Jamalizadeh and Balakrishnan (2008),
who worked with bivariate skew-normal and skew-t distributions. Additional results are
given by Jamalizadeh et al. (2009a,b), Jamalizadeh and Balakrishnan (2009b, 2010), and
Loperfido (2008a).

In this paper, we consider the general case of N > 2 and K > 1, and assume an elliptical
joint distribution for X = (X1,...,Xg)" and Y = (Y3,...,Yn)", ie., let

X
<Y> ~ECk o (2, hEHV), (1)

the (K 4+ N)-dimensional elliptical distribution with density generator function h(S+N),
and respective location parameter and dispersion-shape matrix

.
p= <Z$> and ¥ = <2m gyx>7 (2)

Y vy

where p, and p, are respective K x 1 and N x 1 location vectors of X and Y, ¥,
and X, are their respective K x K and N x N dispersion matrices, and X, is a
N x K shape matrix. Note that this specification includes the multivariate normal and ¢-
distributions, among others, and generalizes previous cases studied in the literature. With
Y v = (Y(l), e ,Y(N))T as the vector of order statistics from Y, we derive the exact joint
distribution of X and LYy, where L is a P x N matrix of rank(L) = P. We show that
this joint distribution is a mixture of multivariate unified skew-elliptical distributions, and
obtain in the process, in the special case when K =1 and L =a' = (a1,...,an), the best
(nonlinear) predictors of X based on aTY( Ny, and of aTY( ~) based on X, under square
loss function in the case of normal and ¢-distributions. We also present a mixture represen-
tation for the joint cumulative distribution function (CDF) of X and Yy, r =1,..., N,
in terms of bivariate unified skew-elliptical distributions.

We organize the paper as follows. Section 2 presents a brief review of skew-elliptical
distribution theory and presents specialized results for normal and ¢-distributions in the
univariate and bivariate cases. The main results of the paper are then obtained in Section
3. Section 4 then concludes the paper.
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2. SKEW-ELLIPTICAL DISTRIBUTIONS: PRELIMINARIES

Consider the random vectors Xx 1 and Yy in Equation (1) above. A random vector
Upx1 is defined to have a multivariate unified skew-elliptical (SUE) distribution if and
only if

U< (YX>o0), (3)

where “Z” denotes equality in distribution, and it is understood that the inequal-
ity “X > 0”7 must hold for each of the components of X; we write U ~
SUEN,K(,uy,px,Eyy,Em,EyI,h(K+N )). A closed-form expression for the corresponding
probability density function (PDF) is given by Arellano-Valle and Azzalini (2006) and
Arellano-Valle and Genton (2005, 2010a); see also Branco and Dey’s (2001) formu-
lation. Note that our construction of skew-elliptical distributions in Equation (3) re-
lies on dispersion matrices which may generate an identifiability problem; see for ex-
ample, Arellano-Valle and Azzalini (2006) and Arellano-Valle and Genton (2010b),
for the construction of skew-normal and skew-t distributions. In such cases, the dis-
persion matrices should be replaced with correlation matrices. Taking h(K+N)(u) =
PEN)(y) = (2m)"E+N)/Zexp(—u/2), u > 0, we obtain the multivariate unified
skew-normal distribution (SUN) (Arellano-Valle and Genton, 2010b). Given U ~
SUNN, i (Byys Bzs Byy» Bz By ), its respective PDF fy(-) and moment-generating function
(MGF) My (-) are given by

fU(u) _ ¢N(u; Ky, Zyy)<1>K(ll‘x + 2ymzyy (u - p‘y); Yoo Eg—l;—mzyy 2 )
CI)K(II'JH 2 ) 7
exp (py's + 35 Byy8) P (B, + Ty, 8: D) (4)

MU(S) =

where ¢g(-;X) and ®¢(-;X) are the PDF and CDF of the centered ()-dimensional normal
distribution with dispersion matrix ¥, respectively. In the case of the t,-kernel distribution
with generator

u+K+N) (1 E>—(V+K+N)/2

K+N
) p

)

14

h(K+N)(u) _ tl(,K+N)(u) _ F(
(s

for u > 0, v > 0, where I'(-) is the gamma function, we generate the multivariate unified
skew-t (SUT) distribution, with PDF

fU(u) — Ty (ll‘x + Ez—mzyy (u _ My); 1/+(u—l"y3+2]i7;y (u—p,) (2 Eg—/rxzyyz ) v+ N)

tN(u;l‘waya V)
Tr (3 Bz, V)

9

where tg(;3,v) and Tg(-;X,v) are the respective PDF and CDF of the centered Q-
dimensional t-distribution with scale matrix ¥ and degrees of freedom v, which we write
as U ~ SUTY, K(py,ux,Eyy,Em, Yz, V). These distributions were developed recently in
Jamalizadeh and Balakrishnan (2012), who obtained marginal and conditional distribu-
tions of SUE distributions. In what follows, we study univariate and bivariate SUN and

SUT distributions and derive moment expressions, among others, for later use in Section
3.
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2.1 UNIVARIATE CASE

We now consider the univariate class of SUE distributions that arises from Equation (1)
with K > 1 and N = 1. In this case, Equation (2) becomes

b= <,ux> and X = <Zm a”).
Hy Oyy
For U ~ SUNy g (fty, By Oy, Bz, Oay), We get

K

1 Oxy,i Mz i
E U — + Y, (b < ) )
[ ] Ky (I)K(/'l'xQ Emc) ; \/Umm,ii \/Umm,ii
Mz i .
XPr 1 <p‘m,—i - o ”arr,—iivza::c,—ii> ) (5)
Tx,1i

where, for some i,

T
Ozy,i Ha i Ozxxii Ogn _ii
o — ) — ) 2 — ) N
Yy <amy,—i> ’ )u'x <l“x,—i ) T Exq;’—i—i )

with ¥, i1 = Yz —i—i — am,_iiagx7_ii/am7,~i, and with ¢(-) the standard normal PDF.
Equation (5) is easily obtained by differentiating Equation (4) and using the following:

K
0 Oy Wi+ SOgy i Oy i
%qDK(Il’x + SO zy; 2:{::{:) = Z e ¢ < = xyﬂ) Dr <{0':cy,—i b axx,—ii} S

i1 V Oxx,ii Ozxx,ii Oxz,ii
Ha i

A —O0 g, —ii; Exx,—ﬂi .
Oxx,ii

Next, if U ~ SUT1 g (tby, fys Oyys Bza, Oxy, V), We similarly obtain

v/2 v—1 K 2 —(v=1)/2
E[U] = p, + VV/ L () Toyi_ (4 4 Lo
207l (%) Tk (B Ty V) ~ \[Traii

Oxx,ii

VV — 1 Uz g
XTk—1 | ——= | Bg—i — Opa,—ii ;Exx,—ﬂi? v—1
Hz i Ozz,ii
I/ + O’(L‘l‘ 1T '

This follows from Equation (5) and from the result that for a x2 random variable vV with
v degrees of freedom,

E V—1/2 Vl/2 d V1/2b2 — 2 2 —(I/ 1)/2
[V oV (v PbiE)| = S B+ )
xTg V_lb;E,V 1),
v+ a?

for any real number a, any Q) x 1 real vector b, and any positive definite () x () matrix X.
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2.2 BIVARIATE CASE

Next, we consider the case N =2 and K > 1. Let

S,y = <0y%11 “yyvl2> and B, = < %ﬂ)

Oyy,22 yx2

For U = (Uy,Us)" ~ SUN27K(py,,ux,2yy,Em,ny), it follows from Arellano-Valle and
Genton (2010a) that U; ~ SUNy g (fty 1, y» Oyy, 115 Bga, Oyz1)- In addition, we get

Us|Uy = uy ~ SUNy g (p (wn), 3 (w1), 00t B2 0ot ),

yy ) y:r:

where p2(uy) = py2 + oyyao(ur — py1)/oygy1, paH(wr) = py + 0ya1(ur — fiy1)/oyy 1,

221 _ 2 21 _ T 21
Oyy = Oyy22 — Uyy,12/‘7yy,11= Yoo = Yaz — nylo'yxl/ayy,llv and Oyz — Oyz2 —

Oyy,120yz1/Tyy11- It can also be shown that

K 2-1

1 Oy, N?E%(ul)
E[U2|U1 = ul] = ,LL2'1(U1) + ; L ¢ :
Y O (2 (u); B2,7) ; \/02'1.. \/02'1..

2-1
, fizi (u1)
XPr_q <M92E71_1(U1) - :(:;7103901 —wzmc —z|z> ) (6)

Tx,il

2-1 2-1 _ i 2-1 _
where 07, 1 = Ouaii — Oyt i/ Oyy 11, By —i(U1) = py _; + O ya1 —i(u1 — py 1)/ Oyy 11, Oy _ji =

Oga,—ii — Uywl,zayml,—z/ayy,lla

T
Oyz1,i0yxl,—i Oyx1,i0yaxl,—i
; . XTr,—1 TT,—1
ayxlv_lany—Z ’ Tyy,11 ) Oyy,11

Uyml,i ’
Tyy,11

2 Emv,—i—i -

TTr,—tt
[ Oyx,11 Ozx,ii —

and where 0,1, Oyz2, 1, and X, are similarly partitioned as in Section 2.1. Analogous
results may be similarly obtained for U = (Uy,Us) " ~ SUT2 k(s by By s B, By, V)

Uy ~ SUTl,K(,Ufy,lall'mUyy,lhzxxaayxlaV)a (7)

U2|U1 =up ~ SUTI,K (#@2/.1(’“1)7“:2(:.1(“1)7ql(ubV)O-gz.l)ql(ul)V)Eixl7q1(u17 ) yxvy + 1)

(v + 1)D2g1 2 () )T (%) K aym

2Vl () T2 ()i  (un, E2 v+ 1) & fo2T

E[U2|Uy = w] = /Lz'l(m) +

o2
\/; (U%,l—i(ul) - ;%z(ln )amm —22)

XTr_1 . o)) QQI(ulvy)Ei;—i\ﬂy
pi (un)}?
\/V +1+ ql(ulvV)O'iLrl,ii
2 —v/2
(M?c }(U1)>
x|v+14 T , (8)

q1(u1, V)U;%x,ii
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2-1 2-1 21(

where ny,i’ Ozz ,1) K i

1), u21 (uy), 025_“, and Em —i|; are as defined previously, and

q1(u1,v) = L {IH— M}

v+1 Oyy,11

Note that the above show that the class of SUN and SUT distributions are conveniently
closed under marginalization and conditionalization.

3. MAIN RESULTS

Assume Equation (1) holds, where ¥ is positive definite. In this section, we show that
X and LY () are jointly distributed according to a mixture of SUE distributions, where

Yn) = Yy, ,Y(N))T is the vector of order statistics from Y, and L is a P x N matrix
of rank(L) = P. To this end, let Y(y) € P(Y), where P(Y) = {Y; : Y; = P;Y,i =
1,..., N1} is the collection of vectors Y; corresponding to the N! different permutations
of the components of Y, with P; a N x N permutation matrix such that P; # Py,
for all i # ¢. Further, let D be an (N — 1) x N difference matrix such that DY =
(Yo —Y1,Y5 = Ys,.... YNy — YN_1), i.e, row i of D is given by ei—:-1 —e/,i=1,...,N,

7
where eq,...,eyx are N-dimensional unit basis vectors. We give below our main result on
the joint, marginal and conditional distributions of X and LY ().

PROPOSITION 3.1 Assume Equation (1) holds. Then the following are true:

(i) the joint CDF Fx pry y,(-) and joint PDF fx py y,(-) of X and LY () is then given
by

(K+N+P—1)
Fx LY(N) X, W Zﬂ-l I}é—l—PN 1 (Xvw;ai)v (9)

(K+N+P—1)
fXLY(N) X, W Zﬂ-l Ih{-i-PN 1 (X’W;ei)’ (10)

R(E+N+P-1) R(E+N+P-1)

where Fg py g (30;) and fr py_; (36;) are the CDF and PDF of
SUEk 1 pN-1(8s hETNTF=1) "and

= GN_y (i),
with G, " (-;T;) the CDF of ECy_1(0,T;,AV=1), ©; = {&;,n;,Q;, T, A;},

U .. BT LT >
. = z , i = D i Qz — yT,i
¢ <Ll4y z> K By, < LY, LT

T T
- DT - Ey:c zD
r - o7 A - (Z0))

tu'y,i = Pill,y, Eyy,i = PiEnyiT, and nyﬂ‘ = PZZW;



(i)

(iii)

(iv)
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the marginal CDF of LYy is given by

h(N+P 1) X 1
FLY(N) Zﬂ-l P,N-1 Waei)7

where ©] = {Lp, ;,Dp,, ;, LE,, LT, DS, ;DT LY, ;DT};
the conditional CDF of X given LY () = w is given by

(K+N 1)

q2; (w) 1-2
Fxjuy v, (X|w) = Z FKN L (x6;7),

(K+N—1)

where FKqﬁv(ﬁ (-;©}7?) is the CDF of SUEK n_1(0} 2, hff?;vj\)[_l)) with conditional
density generator function h[(lm) given by
R (4 4 a)
(m) S S
ha (u) - h(l) (CL) I a,u 2 07

and ©}? = {51'2(w),n}~2(w),931'2,1“}'2,1&}'2}, with &%(w) = p, +
Zg—/rx zLT(LEyy ZLT) (W - Lll'y i) 772. ( ) = Dll‘y,i + Dzyy,iLT(LEyy,iLT)_l(W
Lp’y,l)’ Qill 2 = 2905” - Zg—/rx ZLT(LE?JZM' L )_1L2ym I3 F1'2 = Fi -
Dg,, L' (1L, L") 'Ly,,; DT, A? = EJMDT - 2, LIS,

LT)~'L3,, DT, and gai(w) = (W — Lﬂy,i)T(LEyyvi LT) " (w - Ly, ;);

the conditional CDF of LY (y) given X = x is given by
RN +P— 1) 01
Fry v, 1x (wlx) = Z 7TZFPQJI\/(X)1 (w;0;"),

(N+P—1)

h _
where Fpiy™) (5 ©71) is the CDF of SUEp x_1 (67", hfﬁ:)P Y with conditional

density generator function héﬁ:)P_l), and 622'1 = {g?'l(x),nf'l(x), Q?z'l,F?'I,A?'I},
with 6221(X) = p‘y % + Lzyx ZZ;S[}(X - ll‘m) 772. ( ) Dll‘y % + Dzyr 12_1( Mw)»
Q7! = Lg,,,LT Lzym BN 12T LT, T?! =T, - DS, 25T DT, A2 =

yx,i yx,i

LY, D' —LE) B2 DT and q(x) = (x — ) " Spt (x — ).

yx, i e ymz

ProOF For (i), note first that

NI
Fx Ly, (x,w) = Y P(DY; > 0)P(X < x,LY; < w|DY; > 0), (11)
i=1

where the inequalities hold componentwise. Next, note that

DY,

’ - ;A _
X NECK+N+P_1<<Zf>7< Qé)jh(K—i-N—i-P 1)>7
LY; i i

for i = 1,..., N For the ith term of Equation (11), we have P(DY; > 0) = m; and by
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Equation (3), we get

h(K+N+P-1)

P(X <x,LY; <w|DY; >0) = Fg.pn_1 (X, W;0;),

which proves (i). Parts (ii)-(iv) follow in a straightforward manner from the mixture rep-
resentation given in Equation (9) and results in Jamalizadeh and Balakrishnan (2012) on
marginal and conditional distributions of SUE distributions. [ |

Proposition 3.1 is a generalization of Jamalizadeh and Balakrishnan (2009b) and Balakr-
ishnan et al. (2012), and gives the relevant joint, marginal, and conditional distributions
as mixtures of SUE distributions. It can also be specialized to the case of normal and
t-distributions; hence, it can be viewed as extensions of Viana (1998) and Olkin and Viana

(1995). In either case, we need only replace F ﬁf;ﬁf;”(.;@i), the CDF of a SUE dis-

tribution with parameter ©; and density generator function A(K+N+P=1) with the CDF

F K(j;jvj\i; " (-1©;) of a SUN distribution (with density generator function ¢E+N+P=1))

in the normal case, or with the CDF F;((”i;;ill) (+;0;) of a SUT distribution (with den-
sity generator function t,(,K+N+P_1)) in the case of t. It is also important to mention that
the density generator function should be replaced by the characteristic generator function
when X is singular.

3.1 SPECIAL CASE: RESULTS FOR X AND aTY(N)

In this section, we consider the special case K = P = 1 with L = a' = (ay,...,an).

Provided Zz]\;1 a; # 0, the joint distribution of X and aTY( ~y is given by Equation (9) in
Proposition 3.1. If ZZ]\L 1 @i = 0, then the bivariate SUE distributions in Equation (9) are
singular, in which case the density generator function h(N*1 is replaced by the charac-
teristic generator function N+, Corresponding marginal and conditional distributions
likewise follow from Proposition 3.1. For example, consider the exchangeable case

X I o? dtol),
() = ewn (o= () 2= (7 g oy ) 17):

where 7 > 0, |p| < 1, VNI§| < /T +p(N —1), 15y = (1,...,1)T is the N x 1 summing vec-
tor, and Iy = diag(1,...,1) is the N x N identity matrix. This equicorrelation structure for
Y is found most frequently in familial studies in genetics, for example, and in animal tera-
tology, where data arise in clusters from litters. Then, it follows from Proposition 3.1 that

X[aTY(x) = w ~ SUE1y-1(8"2 h)),)). where 82 = {€12(w).n'?(w), w2, T2, x12),
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with

€2 (w) = po + 0 i - [w—uiai],
Ha-pgliao(she)l S

. (1 - p)Da N
' (w) = [w—ﬂzai] ,
(1-p L, Z+p<ZiNzlai)2 i=1

520 (Zf\; ai)2
(1—-p) Zi\il ai +p (Zl]il a,-)27

72(1 — p)’Daa’'DT
G-nTia+p(Thia)
sro(1—p)DaY Y a;
(1_9)2?21&12"1'9(21']11&2')2,
(w_NZ£i1ai>2
Hfo-pstia o (She)

r'2=7%1-pDD'" —

A1~2 —

g2(w) =

These results may be specialized as well to the normal and t-cases as generalizations of
previous results by Jamalizadeh and Balakrishnan (2009b), Balakrishnan et al. (2012),
Viana (1998), and Olkin and Viana (1995), among others.

We now give the best (non-linear) predictors E[X |aTY( ~) = w] and E[aTY( X = 1]
of X and aTY( N), respectively, in the normal and t-cases under squared error loss. Let

D - < j = (L5 ), (12)
D_; D_;

where D_; is the matrix obtained from D by deleting row j, where eq,...,ex are N-
dimensional unit basis vectors.

PROPOSITION 3.2 Suppose X and Y have a (/N +1)-dimensional normal distribution with
mean g and covariance matrix ¥. Then, under squared error loss, the best (non-linear)
predictor of X based on aTY(N) =w is

N1 )12

N!
= =V g

1-2 1-2
;5 (w) . iy (w)
X¢ ]712 q>N—2 <7721,Eg(w)_ ]12 ’Yz j]7F2 —jlj 7(13)

’Yifjj 4,JJ

if, on the other hand, X and Y have a (N + 1)-dimensional t,-distribution with mean
p and scale matrix ¥, then the best (non-linear) predictor of X based on aTY( N) = w
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becomes
N! 1)/2 vy M 1/2
| (v + 1)+D/2T riasl* (w, v)
i=1 2 i=1 Ty_1 <m1-2(w); q2i 1/7+ h i ,>
Nl Lo (012, (0) = 2, )
~ Z7i.2 TN—2 \/V+1+W
=1 \/Vijj goi(w, V)leﬁjlﬁ v
12,2\ /2
o R A B (14)
q2i(w7 V)’Y,’Jj

All relevant quantities in Equations (13)—(14) are as defined in Proposition 3.1 and in
Section 2.2; for example,

. L2 (w _
"72‘1 2(W) - <1;71ﬁ ((w))> = Dl‘yﬂ' + DEyy,iLT(LEyy,iLT) 1(W - Ll‘"y,i)? (15)
=)

-
T T 12 fal2
D_;%y,aa %y,D_; Vi (’Yu—JJ
T . o 12
a'Xy,a Vigj
1.2 12\
Yi,=jj (%,_jj)

1-2
Vigj

1-2 o ) n'! _
L2 = D—jZyyiD;

_pl2
=Ti5

I

with D given by Equation (12). The best (non-linear) predictor E[a’Y )| X = a] of
aTY( ~) based on X = z in both the normal and {¢-cases is obtained by replacing “w” with
“z”, changing the superscript “1-2” to “2-1”, and replacing “go;(w,v)” in Equation (14)
with “gi(x,v)”.

PRrOOF Expressions (13) and (14) are straightforward from Equations (6) and (8). [ |

Proposition 3.2 extends results in Loperfido (2008b), Jamalizadeh and Balakrishnan
(2009a), and Balakrishnan et al. (2012), to the case N > 2.

3.2 SPECIAL CASE: RESULTS FOR X AND Y(;)

The joint CDF of X and Y,y can be obtained from Proposition 3.1 or from Section 3.1,

by taking a =e,, r = 1,..., N. However, note that the resulting CDF involves a mixture
consisting of V! components. Evaluating the CDF may thus be a problem in practice when
N is large.

In this section, we present an alternative approach for deriving this joint CDF with
only N (]X__ll) < N! terms. To do this, let 1 < r < N be an integer, and for integers

1<ji < - <jgrm1 <N—-1,let S; ; , =diag(si,...,sy—1) bea (N —1) x (N —1)
diagonal matrix such that if j._; = N, then

. — 1, fori=j1,...,)r—9,and i = N — 1;
'] —1, otherwise
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and otherwise

. 1, fori=j1,...,5r—1;
' | —1, otherwise.

In particular, S;, jy_, = In_1 and S, = —Iy_1. Further,let Y;, ;. _, = (Yj,..., Y5, )7,
and for ¢ = 1,..., N, let the vector Y_;_j _.._; , (jx # 4,k =1,...,r — 1) be obtained
from Y by deleting Y;,Y;,,...,Y]; . Consider also the partitions

Y — AN _ v=i) B, = yy,—i—i Oyy,—ii )
( Y > # < Hy.i > W < Oyy,ii )

so that
-
X Kz Oz Oyz i Oy (N+1)
Y_; | ~EChin By i | Eyy,—i—i Oyy,—ii | > h
Y; Hoy.i Tyy,i

The following proposition gives the joint CDF of X and Y/, as a mixture of SUE distribu-
tions with only N (]T\,f __11) < N! terms. The resulting CDF is thus computationally simpler
to evaluate and hence, more useful in practice than the corresponding CDF obtained from
Proposition 3.1. Moreover, the result is technically elegant and should be of theoretical
interest in its own right.

PROPOSITION 3.3 For r =1,..., N, and j; # 4, the joint CDF of X and Y{;) is given by

h(N+1>
Fx Y('r) x y E E T4 G1ee i 1F (l‘ yﬂeiyjl---jrfl)7 (16)
J1<-<Jr—
1<]k<N7]k7é7'
where ©iij s = EiggroMigige o Qige g TigigoonNigi g b

F;L(]i,vﬂl)( ©;j,..j._,) is the CDF of SUE; y_ 1(9,7J1___]T71,h(N+1)), and

h(N 1)
Tigioges = GN—1 (Sjrgos (i In—1 — By )i Tij g ) (17)

with G " (5Tij,..j,_,) the CDF of ECy_1(0,Tyj, . AVHD) &0 o = (pa i) T
NigrGoor — Sjl---ijl(:u'yyilN—l _)u'y,—i)v

_ [ Oxzx Oyx,i
injl---ijl - < o 7.. ?
yy,un

Q. . y T o T 1T o
Cijigoo = Shgo (oyyilnaly g +Byy i — In_10yy i — Oyy—iilN_1)Sj. G

T T 17T _ NTQ. .
A = (Oywily 1 — Oyz,—i) Sji.jo oyl —0ya i) Sj 4,
)1 Jr—1 T ( T = /\T .

17T _ ) L
Oyyiiln_1 = Oyy—ii) Sji.jes T TR

The marginal CDF of Y{,) is readily obtained from Equation (16) as

h<N+1) (r)
FY(T) E : z : ﬂ-ivjl"'j'r 1F ( 9@j1 Jr— 1)

J1<-<Jjpr—

1<]k<N jk;éz
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where 9”1 o1 — {/’Ly,’iani,jl,...,jT,lyO'yy,iiari,j1,---7jr—17A’ile---,jT—l}-

PrROOF We have

N

i=1

The ith term of the RHS of Equation (18) is

_ _ X <Y <y,
P (X <@Y < Ys Yi= Yb’)) - ‘ Z P <max(Yj1___jT1) <Y, < min(Y_i_jl_..._jrl)>
1<) < Nojski

= Y P(X<zYi<ylS)  {In1Yi-Y i} >0)
17 <Nt
XP(Sjbnjr—l{lN—l}/i - Y—Z} > 0)7
where max(Y;, j ,) = max(Yj,,...,Y; ) and min(Y_;_;, _.._; ) is the minimum of

the elements of Y_;_; _.._; ,, which is defined at the beginning of Section 3.2. Now, we
have fori=1,..., N,

Sji..jr i {1N-1Y; —Y—i}> <<’7 e Tigig ALy (N+1)
1 r—1 ~ ECN+1 L)1 Jr—1 , %1 Jr—1 4y J1 e Jr—1 ,h ,
< (X, v)" €irion Qi

so that

R(N+1)

P(X <z,Y; <ylSj,.j_ {AIn1Yi =Y _} >0) = 'y (7,4;0i5,..5,_.)

and since P(S;, ; {1nv-1Y; —Y_;} >0) =5, ;. ,, the proof is complete. [ |

Proposition 3.3 extends Loperfido’s (2008b) result to the general contralateral data set-
up and for an arbitrary multivariate skew-elliptical distribution with an arbitrary cor-
relation structure. Best nonlinear predictors of X and of Y{,) based on X and on Y.,
respectively, are also conveniently obtained from Proposition 3.3. To do this for the case
r = N, consider the following partitions for j # i:

. - T
[ My v o Owii Tyyi—i-jj
By i = S Hyy,—i—i = » R
tu'y,—z—] Yy;—1=J1,—1=J

o o
_ Yyy,Jje _ yx,)
Oyy,—ii — y Oyx,—i — .
v <Uyy;—i—j,z'> Y Oy, —i—j

Assuming joint normality for X and Y, we get

)\1
E[X\Y(N):y ZW’ i (IJN 1( P12 z;é: \/ng

1.2 m7 () 12 12
XPN_2 nz,—j(y)_ /;/]12 ’Yz ]j;]‘-‘i;—ﬂj ’ (19)

37
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(a) (b)
™ ™
SV ~
— - - —
Y oA Y o
- _] - _]
1 |
o~ o~
1 1
? ?
T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
ul ul
(c) (d)
o ™
o N
— - - —
Y o Y o -
- _| - _|
1 1
N N ]
1 |
? ?
T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
ul ul

Figure 1. Contour plots of fx’yw)(:c,y)7 for uz = p = 0 and 02 = 72 = 1, with (a) p = 0.1,6§ = 0.5, (b)
p=—0.45,0 =0.5, (c) p=0.1,6§ =0, and (d) p = —0.45,5 = 0.9.

_ W=D 1-2 _ 1.2 _
where m; = GN—l (nzvrz)a 61 (y) = Hg T ny,i(y - Ny,i)/o'yy,iiy )‘i,j = Oygi — Oyz,j —
. U .. .. 1.2 _ . L U U )2 .
Oya,i(Oyy,ii Oyy,ji) [ Oyy,iis Viji = Oyyii T Oyyjj 20yy,ji (Oyy,ii Oyy,ji) ™/ Tyy,iis
1.2 _ AT T T _ 1T o B . _
Vilji = Oyyiily_o 0y i i =0y i i — Oyyjily_o (Oyyii = Oyy,ji) (OyyiiLN—2

ayy;—i—jJ)T/UnyE

< iy (Y)

q Oyy,iilN—1 — Tyy.—ii
n:i2,(y)

)

i ?(y) = ) = Hyiln—1—py ;i + Y= i),

Oyy,ii

.
iz _p _ Oyiln-1 = Oy i) (OyyiilN-1 — Oyy—ii)
i T hiT ’
Oyy,ii

1-2 _ T T
L2 =oyulN—oly o+ By —ij—i—j — IN—20yy—i—ji — Oyy—i—jiln_2

(oyyiilN—2 — Oyy—i—ji) (Oyy il N2 — Oyyi_ji)

Oyy,ii

with I‘Z-l"zj‘ ; given in Equation (15). Similarly, the predictor E[Y{x)|X = z] can be anal-

ogously obtained from Equation (19) by replacing “y” with “z” and changing the super-
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(a) (b)
™ — ™ - R
0. L]

N ~ -

- — - -
= <
/II\ )
=3 =
zC)— g/C)—
X S
L L

- _| —

| |

% - L

[ ]
[ ]
p
o _| ™ _]
| |
I‘I I I I I I I I I I I I I
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Figure 2. Plots of (a) E[X|Y(y) = y] in Equation (21) and of (b) E[Y{x)|X = z] in Equation (20), with N = 3,
po = p=0,02=712=1,and p=§ = 0.5. Superimposed on (a) and (b) are scatterplots of = vs. y = max(y1, 2, y3),
and of y = max(y1, y2,y3) vs. z, for sample size 1000.

: 2.1 2.1
script “1 - 2” to “2 - 17, where Si (.Z') = Py + ny,i(x - /’LSC)/O-Z’ZH )‘i,j = Oyy,ii — Oyy,ji —
. . . 21 _ ) g g 4 2 21 _
Oy,i(Oya,i = Oyaj)/ 0wz Yigi = Oyyii T Oyyjs — 20yyji — (Oyz,i = Oya,j)”/Oaa; Yi—ji =
T

17T T _ _ 1T i . . _ N\ T
Oyyiilny o0y i i =0y i i = Oyyjily_o (Oyai = Oyz,j)(OyzilN—2—Oyz —i—j) ' [Ouz,

2:1
. ;i \x (o} ,‘1N—1_U ,—i
mzl(gg) = <"722'7{ ((a:))> — NyvilN—l—#%_i—i- yx,i yT Z(m—,ux),
i

—J Ozx

-
rzl_p _ (0ya,ilN—1 = Oya,—i) (OyailN—1 — Oy, —i)
— 44 ;
Ogx
21 _ y T .17
Fz’,—j—j = oyyiilN—2ly_o +Byy—i—j—i—j — IN—20yy—i—ji — Oyy—i—jiln_9

. (Uyr,ilN—Q - aym,—i—j)(ay:v,i]-N—2 - ay:v,—i—j)T

Ozxzx

Note that these predictors are computationally simpler than the corresponding ones given
in Proposition 3.2.
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In the exchangeable case, it is easy to see that X and Y are jointly
SUE v—1(0, V1), where

2 T
_ Mz 0% 0To 2,1 T 0
6 = {( m ) 0, < 72 ) T (1 p)(IN—l +pIn-11ln_y), <T2(1 _ p)lj—l\—;_1>}

That is, X and Y{;) have an exact bivariate SUE joint distribution under exchangeability.
In the case with » = N and assuming X and Y are jointly normal, their exact joint
distribution is SUN, the contour plots of which are shown in Figure 1, with yu, = u = 0,
0? =12 =1, for (p,d) = (0.1,0.5), (—0.45,0.5), (0.1,0), (—0.45,0.9). In this case, the best
predictors above reduce to

_ - Stk N —DTVI—p
E[Yn|X = }_u+6< = >+ NG : (20)

1— 1—p (y—
y—u)_ V-1 qub( Wg@)

(1= p)m*(y — p)In-1;
Py <(1 —p)7? {Ino1 + plN—llzT\r—1}>

(A=p)(y—p) .
b T 1y
la-pr2ln 2 1n 1]
( p)T N—2+ T+p N-21tN-2

B [X|Yix) = 4] = pz + 60 <

T

(21)

We plot Equation (20) as a function of z € (—3,3) and Equation (21) as a function
of y € (—3,3) in Figures 2(b) and 2(a), respectively, with N = 3, yu, = p = 0, 02 =
72 =1, and p = § = 0.5. Also shown in Figures 2(b) and 2(a) are scatterplots of zj vs.
yr = max(yik, Yok, ysk) and of yr = max(yik, Yok, Ysk) VS. Tk, respectively, from a sample
(Tk, Y1k Yk2, ygk)T, k=1,...,1000, from the 4-dimensional normal distribution with mean
vector g = (fig, i1, i1, 1) T = 0 and exchangeable covariance matrix

o2 610 é1o STO0 10.50.50.5
™2 p p 1 0505
2 pu— 2 pr—
T p 1 05
72 1

Figure 2 shows that the regression functions in Equations (20) and (21) both provide
relatively good fits for the data.

Note that Equations (20) and (21) reproduce earlier results for N = 2 given, for example,
by Viana (1998) and Olkin and Viana (1995). Proposition 3.3 may also be used to obtain
the best predictors of X and of ¥(y) based on Y{) and on X, respectively, in the case of
a joint t-distribution for X and Y.

4. CONCLUSION

In this paper, we derived general results on joint distributions and prediction for a K x 1
vector X and a vector of L-statistics LY ) (i.e., an affine transformation of the vector
of order statistics Y(ny) of an N x 1 vector Y, where X and Y are assumed to have a
joint multivariate elliptical distribution. The results involving multivariate skew-elliptical
distributions are general enough to include several previous results as special cases; see,
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e.g., Jamalizadeh and Balakrishnan (2009b) and Balakrishnan et al. (2012). By considering
elliptical distributions, which include normal as well as t-distributions, we provide a robust
alternative to conventional formulations based on normality. Note that while we paid
particular attention to the special cases of normal and t¢-distributions, other elliptical
distributions such as the Laplace and slash distributions may be considered as well. We
however defer these other cases for future work. In addition, the results in this paper can
be easily extended to SUE distributions. For example, the results can be easily extended to
multivariate skew-elliptical distributions introduced by Branco and Dey (2001), as a referee
suggested (since the multivariate skew-elliptical distributions presented by these authors
are special cases of SUN distributions). Note that our results give the joint distribution
of X and LYy as N!-component mixtures. In practice, evaluating such distributions can
become computationally infeasible, especially when N is large. Proposition 3.3 gives a
computationally more efficient alternative form that involves a smaller number of mixture
components but only for the special case K = 1 and LY (y) = ¥(;), 7 = 1,...,N. An
analogous result in the general case should be useful in practice. Alternatively, accurate
approximations may be obtained to alleviate the computational demands of evaluating the
exact distributions. This would be the subject of future work as well.
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